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INTRODUCTION

Partial differential equations; linear or nonlinear, homogeneous or inhomogeneous has many applications to real life problems that
arise in science, engineering and technology. There are many numerical methods for the solution of different types of differential
equations such as Adomian decomposition method ,homotopy perturbation method , variational iteration method , modified
variational iteration method . Results by various researchers have shown reliability, efficiency and applicability of these method.
In this paper, a variational iteration method for the solution of a linear partial differential equations. The variational iteration
method (VIM) was developed, in 1999, by He. This method is, now, widely used by many researchers to study linear and
nonlinear problems. Motivated and inspired by Wu’s thinking, and combing with the Sumudu transform (ST), we give a new
modified variational iteration method (VIM),which is based on variational iteration theory and Sumudu transform (ST).The
balance in this work as follows: the Sumudu transform (ST),variational iteration method (VIM), and the combination of Sumudu
transform (ST) and variational iteration method (VIM) are presented in sections 2 and 3. In section 4, numerical application of the
method is illustrated by two test examples to demonstrate the efficiency of the method. Section 5 includes a conclusion that briefly
summarizes the results.Also the main result of this paper is to introduce an alternative Sumudu correction functional and express
the integral as a convolution.

Sumudu Transfrom (ST): The Sumudu transform is an integral transform, which was first introduced by watugala to solve
differential equations and control engineering problems.

Definition: The Sumudutrans form of a function [ (tJis defined over the set of functions,
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contour integral by

F+IT
1
sHeyl =l = lim? J‘ e Glu)du
T—m 27
¥—iT
Proposition 1 It deals with the effect of the differentiation of the function [ Ce,t) , ¥times on the Sumudu transform Glx, u) if

S{f(x )} = 60x, ) e

Af [zt

— G{x u)

(60, u) = f(x, 0))
. £ (60w ~ f(x.0)
:T':r:{x.u]
=60 w) - fr,0) - 2220

ot

() =3
(a;.xr.)
(Goe) ==
( Fix
(5%

=)

= ,rlx rl)

Gn B 0n By O

We can easily extend this result to the nth partial derivative by mathematical induction

§ (L) 2 (6 ) — TRcdu (x. w)f* G, O)

(v

Sumudu Transform Variational Iteration Method (STVIM)
Consider the following general differential equations

Llw(x )] + Nlw(x. £)] = flx.£).

a:

Where & a linear partial differential operator given by ar? ‘n"rls a nonlinearoperator, and flet) is a known analytical function.

We can construct a correction functional according to the Varlatlonal iteration method (VIM) for Eq. (2)as follows:

Wyl t) =w,(x, 8) + fnrﬂ{x. g)Lwy,(x, &) + Nw,(x, &) —f(x.e))de, n=0 3)

Where 4 is a general Lagrange multiplier, which can be identified optimally via the variational theory, Wn(¥:€}is the Mt/

approximate solution and "n W (%, €) is a restricted variation which means &Wn (. ) = 0.

In a wide range of problems that appear in the literature, the general form of Lagrange multiplier is found to be of the form:

A=dket—2)

In this section, we will make the assumption that A s expressed in this latter way. In such a case, the integration is basically the
convolution; hence Sumudu transform (ST) is appropriate to use. Applying Sumudu transform (ST) on both sides of (3) the
correction functional will be constructed in the following manner:

S(wy,,(x.0)) = Slwy(x.0)) + 5 (J’;i{x. )W Lwy, (x, &) + N, (x. &) — f(x. &) n’E) =0 @

Therefore

(w11 (2. 0) = 5(w, (2. 0) + 5 (2. 8) » Ly G 8) + N9, (e 8) — F(x.6)) )
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§( W11 00 ) = 5(wn (. 0) +u8 (A, D)) = SQwy e t) +N W lx0) — fx.2)

(6)

To find the optimal value of Al = £) e first take the variation with respect to Wn Get) Thus
o (Wi G 0) = =50, 0 0) + w5 (1000 ) 5 SUwy (2, 8) + N W50 ) — f(.2) -
And hence upon applying the variation this simplifies to

5(6wn 11 Ce0)) = 5(6w, 00,0 +us (10, 0)) » 5(6w, (x. ) ®

il

In this paper, we assume that Lis a linear partial differential operator given by a:*, then Eq.(8) becomes:
(8w 11 G, 0) = 8 (6w, (. 0)) + us (10,0 ) () 85w, Cx.0), ©
The extremum condition of Wn+1 requires that Wn+1 = 0- This means that the right -hand side Eq.(9) should be set to zero.
Hence, we have the stationary condition
§(16e.0) = —u 1)

Taking the Sumudu inverse of the last equation gives the optimal value of A==t For this value of ‘1, we have the following
formulation:

t
S(wy,, x.0) = §(w,x.0) —a(f{r — e)Lw,(x, &) + Nw,(x.£) — f(x.£)) ds) n=0
o

Applications: In this section, we apply the Sumudu variational iteration method for solving linearhomogeneouspartial differential
equations.

Examplel. Consider the following linearhomogeneouspartialdifferential equation

we (x, t) —w, (. 8) +w(x.t) =0, (11)
wix,0) =0, %21:

The exact solution for the givendifferential equation is W = % Sint

For this case the Sumudu variational iteration correction functional will be constructed in the following manner:

Wy (e t) = w, (e, 8) + fnt.f{x.t — &) [w e (e 8) — () Gy ) + woy (. 8)]de, mo =0

12)

Next, by applying Sumudu transform, we have:
S(wysyx8)) = Slwy (e, 8)) +5 (j Tt — &) [wy ) (s &) — Oy )y (s 8) + w (i, 5]]::‘5).

° (13)
or equivalent, by applying the convolution property, we obtain:
85wy (8] = 8wy (. 0)) + 65 (1) = 5C0wy ) Cr, £) = Gw) e (x,8) + 3wy (. £), (14)
§(wn. () =

=t polx0l 1 dwgixo

5w 0) + 68 (1) [ 8w () = 2255 - 2220 5w, e 8) + 5w, Cx.0))]. )

Applying the variation on the Eq. (15), we get
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: S{Wnﬂ.{xJ t]} =
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8wy (. 0))].

u ot

By simplifying Eq. (16), we get
(6w 11 (e, 0)) = 5(6w, e, 8)) + 15 (1)) (£ + 1) 5(5w, ()

u

56w (2, ) = 5(6w, . 8)) [1 + (225 5 (760 )]

i

The extremum condition of W +1 0% ) requires that Wn wlet) = 0, then

55w, (x.0)) [1 + (1 i
s(iw) = -5

: ]S{ﬂx])] =0

Applying the inverse Sumudu transform, we get:

Alx) = — =int

Substituting Eq.(20) into Eq.(13), we get

r
Slwy ) = S{w,(x.8)) — 5 (I sin(t — &) [l ) (x. 8) — G ), (s 8) + g (o E]]ds),

o

or equivalent, by applying the convolution property, we obtain:

Slwy,, (e ) = 8w, (e, ) — uS (sint) » §Cwy ) G, £) — (wy ) G, ) + wy (. £)),

Suppose that

dwix,0)
wol, £) = wix, 0) + £ =

= % then from Eq.(22)we have:

5(w,(x.8)) = §(xt) — uS(sint) » 5 (xt),

S{WL{I, t]} =xu—u (1 :u:){xu],
or
Slw, (. 0)) =

14u®

Applying the inverse of Sumudu transform, we have

w,(x,t) = xsint

Substituting Eq.(24)into Eq.(22), we get

S(wo(x,#)) = §(x sint) — uS (sint) » 5(0),

SUACHE

XU

14+ut

Applying the inverse of Sumudu transform, we have

w, (x, t) = x sint

Therefore, the exact solution of given linearhomogeneouspartial differential equation is

wix, t) = xsint

Example2. Consider the following linear homogeneouspartial differential equation
weelx, t) —w,(xt) =0, —w<x <ot =0

(16)

amn

(18)

(19)

(20)

@n

(22)

(23)

(24)

(25)

(26)
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dw(x, 0}
gt

wix, 0) =0,

- t?
The exact solution for the given differential equation is W=t

For this case the Sumudu variational iteration correction functional will be constructed in the following manner:

Wit (0,0 = wy (e ) + [ A2t — £) (G (. ) = () (x, )]s, 7 = 0 o

Next, by applying Sumudu transform, we have:

S{Wr! +L{xJ ﬂ} = S{Wr! (x, t]} +& (J’;I{x}t — &) [':Wn]rr':xa £l — 'il-'l-'ﬂ ]x.r (x, E]]ffE),

(28)

or equivalent, by applying the convolution property, we obtain:

§(wp . G 8) = 5wy (. 0)) + uS (1) » 5 (Owp)ee (r. £) — (gD . 1)), (29)
(w01 () = 8 (wa (. 0) + uS (7) [ 8wy () — P28 22020 50, (x,6)]. (30)
Applying the variation on the Eq. (30), we get

for Sl (e, 8)) =

a8 Ce0) 4 5-u s (100 )+ [8(w, () 2 - L2maxe S (i) . 8)]. 31
By simplifying Eq. (31), we get

(8w 110, 0) = 5 (8w, 0. 0)) + us (100 = (8w, () 32
5(6w1 0. 0) = 8 (6w, 0) [1 42 5 (20)] (33)
The extremum condition of Wn+1(x t) requires that SWn wlt) = 0 then

5(5wy (x. 1)) [1 + i s (I{x;])] =0

S(ﬂx])=—u (34)
Applying the inverse Sumudu transform, we get:

Ax)=—t¢ (35)
Substituting Eq.(35)into Eq.(28), we get

S(wy, x.8)) = §(w,(x,0) -5 (J"th [y ) e (. ) — (wry )y (e, )] n’E), 36)
or equivalent, by applying the convolution property, we obtain:

Slwy,, . 8)) = §(w, G, ) — uS () = §((wy) (x, £) — Gw) o (x,0)), 37
Suppose that wolx,t) = wlx,0) +¢ 5‘“‘;—: - =%, then from Eq.(37)we have:

5w, (x,8)) = §(x28) — us(®) » 5(-20),

S(w, (. 0) = x%u — ulu) (- 24,

or

5(w,(x.8)) = x%u + 24 (3%)

Applying the inverse of Sumudu transform, we have



12173 Babiker Y. Ali and Tarig M. Elzaki, Solution of linear homogeneous partial differential equations by new
sumudu variational iteration method

wy (. t) = x7t + §(39)

Substituting Eq.(39)into Eq.(37), we get

3

S(wa(x,8)) =5 (x:t +%)— us (t) = 5(0),

-:S'{w:{.r. t]} = x7u + 2u?
Applying the inverse of Sumudu transform, we have

wolx, t) = x3t+§(40)

Therefore, the exact solution of given linearhomogeneouspartial differential equation is

£3
wix, t) = x:t+?
Conclusion

In this paper, Sumudu transform variational iteration methodhas been efficiently applied for solving linear partial differential
equationsto give rapid convergent successive approximations without any linearization and successfully implemented by using
initial conditions and convolution integral. It is also clear and remarkable that approximate solutions are in good agreement with
analytical solution.
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