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The concept of Laplace transform plays an important role in various fields of science,
engineering and technology such as control engineering, communication, signal analysis and
design, system analysis, solving differential equations, system of modeling, etc. In this paper
we have to discuss the method of solution of differential equations using Laplace transform.
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INTRODUCTION

In mathematics an integral transform plays an important role
in the conversion of a function from one function into another
function. The Laplace transform method can be used for
finding solution of system of ordinary differential equations,
partial differential equations and integral equations. It can be
used to convert many common functions such as exponential
functions, sinusoidal functions and damped sinusoidal
functions into algebraic functions of a complex variable s.
Operations such as differentiation and integration can be
replaced by algebraic operations in the complex plane. Thus
the linear differential equation can be transformed into
algebraic functions of a complex variable s. For finding the
solution of differential equation the system described by ODE
the solution is difficult. Hence we consider system described
by Transfer Function. The method is very easy to explain.
Apply the Laplace transform on both sides of the given
differential equation. This will transformation the differential
equation into algebraic egquation. If we solve this equation for
roots then taking the inverse Laplace transform on both sides.
Theresult isthe solution of given differential equation.

Preliminaries
Definition: Laplace Transform: The Laplace transform of a

function f(y) defined for al real numbers y=0, is the function
F(s), which isaunilateral transform defined by

LIf(Y)] = F(S) = J; f(y)e™ dy where s is real or complex
number frequency parameter

Properties of Laplace Transform:

1) Linearity property: If C; and C, are any constants, f;(y)
and f,(y) are functions with Laplace transform F;(s) and
F,(s) respectively

i.e. L[f1(y)] = F1(s) and L[f;(y)] = Fz(s), then

L{C:fi(y) + Cof: ()} = GL{KH )} + CL{E ()}
= C1F1(s) + CoF3(s)

2) First trandation property: If L[f(y)] = F(s) then
L [e* f(y))] = F(s-a),
3) Second trandation property: If L[f(y)] = F(s) and g(y) =

{F(y—a),y<a
0 ,y>a

Sa>a

then

Lol =e™® y(s)

4) Change of scale property: If L[f(y)] = F(s) then L[f(ay)]
=2FG)

5) Laplacetransform of Derivatives. If L[f(y)] = F(s) then

DLIF'(Y)] = sLIf(Y)] -(0)

In  general i) L[f®(y)] = s"L[f(y)] — s™f(0) —
sP2f7(0) — - — f=1(0)
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6) Multiplication of y: If L[f(y)] = F(s) then
) LIyf(W)] =-F' ()
i) LIyf'(Y)] =-sF’ () - F(9)
iii) L[yf"'(y)] = - s?F’ (s) — 2sF(0) - f (0)
7) Multiplication of y™: If L[f(y)] = F(s) thenL[y"f(y)] =
(—1)" LR ) = (—D"FO(s)

dsi

8) Laplacetransform of Integrals: If L[f(y)] = F(s) then
LI, f(updu] = "2

9) Division by y: If L[f(y)] = F(s) then L[?]: _GL F(u)du

L aplace Transfor m of some standard Functions:

Tablel.
fy) F(s) = L{f()}
1 1
s
y 1
] SZ
y" (=012
e? 1
s—a
T g 1
a S ) s(s—a)
sin(ay) a
s? +a?
cos(ay) S
s? +a?
sinh(ay) a
SE — aE
cosh(ay) S
SZ — a2
e’ sin(ay) _a
(s—b)*+a?
e® cos(ay) s—b
(s—b)?+a?
ysin(ay) 2as
(sZ + a?)?
ycos(ay) s? —a?
(s% + a?)?

Definition: Inverse Laplace Transform: If F(s) is the
Laplace transform of f(y) then the inverse Laplace transform
of F(s) isgiven by f(y) and we write,

If L[f(y)] = F(s) thenL Y [F()] = f(y).
Properties of Inverse Laplace Transfor m:

1) Inverse Laplace transform Linearity property: If C;
and C, are any constants, fi(y) and fx(y) are functions with
Laplace transform F(s) and F,(s) respectively, then

L={CyF1(s) + C;F5(8)} = CiLH{F1(s)} + C.L {F2(s)}

= Cyf1(y) + Cof5(y)

2) Inverse Laplace transform First translation property:
If L"Y{F(s)} =f(y) then

L"{F(s—a)}=¢* f(y), sa>a

transform Second trandation
then L {e @ F(s)} =

3) Inverse Laplace
property: If L"YF(s)} = f(y)
{f(y —a)y>a
0 y<a

4) Inverse Laplace transform change of scale |If
L=Y{F(s)} = f(y) then

L 4F(ks} =2 F(2)

5) Inverse Laplace transform of Derivatives: If L 1{F(s)}
=1f(y) then

LR (s)} = (=D)"y™(y)

6) Inverse Laplace transform of Integrals:If L"1{F(s)} =
f(y) then

L g F(s)ds) =2

7) Inverse Laplace transform Multiplication of s : If
L {F(s)} =f(y) and

i) 1ff(0) = Othen L"{s F(s)} = f'(y)
ii) If f(0) Z O0then L™Y{s F(s) — f(0)} = f'(y)

or L'Y{sF(s)} = f'(y) + f(0) d(y) where 3(y) is the unit
impul se function.

8) Inverse Laplace transform Division by s:If L"}{F(s)} =
f(y)

_1 [¥(s) w

then L2 {*2} = 1" f(u)du

9) Inverse Laplace transform of Multiplication of two
functions ( Convolution of F; and F;): If fi(y) and fy(y)
are functions with Laplace transform Fy(s) and Fy(S)
respectively

i.eF1(s) = L{fi(y)}and Fo(s) = L{fz2(y)}, then
L{f(y) f.(¥)} =F.(s) Fz(s) or fi(y) f.(y) =
L"H{F1(s) Fa()}

MAIN RESULTS

Solving Ordinary Differential Equations

Problem:Y" +aY’ + bY = g(t) Subject to the condition Y(0)
=A, Y'(0) =B wherea, b, A,B are constants.

Solution:

1) Writethe differential equation

2) Take Laplace transform on both sides of the given
differential  equation. We use the properties of
derivative as necessary.

3) Putinitial conditionsinto the resulting equation

4) Obtain an equation L[f(y)] = F(s) is an agebraic
expression in the variable s and solve this equation.

5) Apply the inverse Laplace transform we get the
solution.

Example: Solve the differential equation ty” +y = 0 given
thaty (0) =0

Solution: Consider the differential equation ty” +y =0 ------
- (1)
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Giventhaty (0) =0
Taking the Laplace transform on both sides of equation (1) we

get,
L{ty" +y}=0=L{ty"}+L{y} =0

= - Sy L =0 LIEYO] = (-1 F(s)

= di{sgL(y) —sy(0) —y'} = L{y} Laplace transform of
derivatives

= di{sgz —0-k}=z y()=0,y(0)=kandL(y) =z
=>sgj—+252—0=z

2d _
== (1-2s)z

d 1 2
== {G-z}ds
On integrating we get,

-1

Iogz=%—2logs+log c:log(#):T

# 5% -t
I —es
c
C -t
—=z7z=—¢=
o2
1 o o
csu G« s
=1z 2 4n-0" € =2n_0;

— [+89 (_1)“
= L) =c¥u o

*kkkkkk*k

—_1 -1 [F.9 (_1)“
=y=L{c2n ot

(_ 1)1] tI]+ 1
nl(n+1)!

=YyY=C2no
Conclusion

In different areas of mathematics, physics and engineering the
Laplace transform is very powerful tool. The Laplace
transforms are used to reduce a differential equation to a
simple equation in s space and a system of differentia
equations to a system of linear equations. The system
described by transform function the solution is easier as
compared to system described by ordinary differential
equations. In Laplace transform the solution of a differential
equation is directly obtained without first determined general
solution. No homogeneous differential equation can be solved

without first solving the corresponding homogeneous
equation.
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