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INTRODUCTION

The surprising discoveredo f superconductivity in magnesium diboride (MgB,) with transition temperature (T¢) of 39 K is the
intermediate classes between low temperature and high temperature superconductors(l).Soon afier the discovery scientists
andtechnologists understood the advantages ofthis new intermetallic superconductor and thematerial got wide attention among the
scientific community.MgB, attracted experimentalists as well as theoreticians because of itspotential applications and peculiar
properties which were quite unexpected in such anintermetallic. This discovery certainly revived the interest in the field of
superconductivity especially in non-oxides, and initiated a search for superconductivity in related boron compounds (2).
Measurements o fin plane and out o f plane Hall coefficients sho w dominant hole type carriers along the a-b plane and electron
type carriers along the c direction, representing the multiband nature of MgB2 (3-5).Most ofthe studies pointed out that MgB, can
be considered as aphonon-mediated BCS type superconductor, with selective coupling between specificelectronic states and
speci fic phonons are the reasons for superconductivity (6, 7, 8-11). MgB2 is the first superconductor to show clearly two distinct
superconducting gaps in its superconducting state. The first one is a heavy hole band, built up ofboron corbitals. The second one
is the broader band with a smaller efctive mass, built up mainly of © boron orbitals(12-16).There is a large difference in the
electron -phonon coupling on different Fermi surfice sheets and this leads to multiband description of superconductivity. MgB, is a
weak coup- ling two band phononic system where the Coulomb pseudo-potential and the inter-channel paring mechanism are key
terms to interpret the superconducting state (17).Coulomb potential in the d-orbitals ofthe transition metal reduce the isotope ex-
ponent, whereas sp-metals generally shows a nearly full isotope effect (18). It is quite natural to describe a two-gap
superconductor by means ofa two-band model with inter-band coupling (19,20).
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For MgB2, an approach of such kind is also directly proposed by the nature of the electron spectrum mentioned. There is a number
of two band type approaches for superconductivity in MgB2 (21). We may note that two band models have been exploited in
various realizations for high-T cuprate superconductivity (21,22). In the present study, we use o-r inter-band coupling with a
strong o-inter-band contribution o felectron-phonon and Coulomb nature. The inter-band interaction is considered to be repulsive
(an advantage of two band models) corresponding to electron-electron interaction(23). Therefore I study the two-band
superconductor MgB, has two energy gaps, A, and Ag in the electron and hole bands respectively which vanish at the same
superconducting transition temperature (Tc). The two superconducting gaps have an own intra-band “i” with coupling potential

Vp(a) in each band and the inter-band with coupling interaction potential (Vpd) between the two bands. The presence o finter-band

pairing interaction enhances pairing ofelectrons and leads the superconducting gaps ofthe electron and hole bands to vanish at the
same superconducting transition temperature (T;) though they are diffrent at zero temperature (24).

Theoretical Model System Hamiltonian in Two Bands

The model system Hamiltonian in the two band iron based superconductor MgB, is given by (24-28),

pd (1)
H=Hp+H] +Hp (1)
Where
AR =3, €, (ChCpr + CHouCp) = Xp Vop (<G8 > C_pu ot < CpiCopy > CHCH) )
AY =34 €q (CiiCar + CraCoar) — TaVaa (< CCra > CoqCar+< CarCoqu > CHCEq) (3)

“

Now, substituting equations (2-4) into equation (1) we get,

=) €, (T + Coulop) + . €a (Cilar + TraCoa) = ) Vop(< E1CE > Copilpr+< Cpnlopt > CirCo)
P d p

- Zvdd <CHCry > Cglyp+< Cqliq > CHTIa) + _vad(< CinCro > CpiCyr + < CLaCl
d pd
> C;T(Ajfpl) +
-ZapVap (< C§HCEay > CpiCi+< CpulCpr > C§Clq) (5)
Now, for o
Dpp= Vpp < CprClp1 >
Aja= Vaa < C3iClqy >
AI—Z Vpd < Cz-;Tijl >
A;: Vpd < Cd-'—Tdel >
Dgg= Vga < CqrC_qr >
Al = pd < CpTC—pl >
Ay =Vpa <CaC_g >

we obtain,

H =36 (ChCpr + CHouCp) + A%, Xy CopiCor +App Zp CHCE oy + 2a €4 (CHCar + CTaiCoay) + %4 2aCoqCar +
Aga 2qC&CEq +AT X, CoqiCar + A, X, CLy 1Cl + A7 X, CopiCop +4; XgCHiCEyy (6)

where the first and second temms are the energy of conduction electrons and the terms involving superconductivity due to the
intra-paring at the electron Fermi surface respectively. The third and fourth tems are the energy o f conduction electrons and the
terms involving superconductivity due to the intra-paring at the hole Fermi surface respectively. The last two terms are the terms

involving superconductivity due tothe inter-band between the two bands. ?:JT(’c‘_p l) and ?:;T(?:_dl) are the creation (annihilation)
operators in the electron and hole bands respectively.
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Temperature dependence of superconducting order parameters on the electron and hole intra-bands and inter-bands: In

order to find the equation o fmotion for the superconducting correlation function <« EET, ij |, > in the electron band, we used the

double-time temperature dependent Green’s function formalism (29) which is expressed as,

+

w« el el w=« e Al »

w« el el =[O, BP]+ [Ch A + [T Brd] et » (7)

Now, evaluating the commutating relation, [C;T, ﬁp], we obtain,
[C3 7] = @ Y € (CiCor + Conlop)) = Gty D CopaCon) + Chhpp Y T
p p p
= Z Ep ( [C;T' C;TépT] + [C;T'éjpié—pl]) - A;p Z (C;T' é—pl épT) + App Z (CgT: C}}éjpl)

P P P
Applying the commutations and anti-commutations rules, we have,
[C3 87 = > €5 (831 G + [T C2Cop]) =88 D @1 CopiCo) + 9 Y (i G Co0)

P P P
From which we obtain,
[C;T' ﬁp] =—€ C;T +A;§p(AJ_pl ®

Furthermore, the commutating relation for [C;T, ﬁd] gives,

[C;T'ﬁd] = (CST;Z €4 (CiiCar + CHal ) — (o A:l-dz C_aCan) + (Chy, Addz CiCran)
d d d

[C,}. Al = Z €4 (CH,CHCa + [Cfm CraCal) — Ad Z( ChnCoaCan) + Ada Z (€. CHCEa)
) ad dd
From which we get,
[T, AY] = ©)

Similarly, for[C, APY] we obtain,
[C;T'ﬁpd] = C;T,—ATZ C_aCar — A, Z Ctp G — A3 Z CopiCpr— 4y Z CiCra
pd pd pd pd

(€, APY) = —AT Zpd[cgﬁ C_aCar] — A, Ypa(Cr, CEp1Ci) — A3 Xpa (€, CopiCon) — Ay Zpa(Cir, CHCHan)
From which we get,

[Ch, BPY] = AfC_g (10)

Substituting equations (8-10) into equation (7), the equation of motion for « C]J;T,Cfpl > is expressed as,

& CHCH >»>= Ky +43 &C_y, Ct > 11
A -pb» b-pl (11)

In the same way, the equation ofmotion for « C_p b Cipl > becomes,
w & Cpy, Tty » =1+« [C_,, 0], CHyy »
W KAy, al, »= 1+« [C_,, B] = [C_p, BP] +[C_p, B + [€_,, Apa) aty, » (12)

Now, evaluating the following commuting relation, that is,
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[C—pl'ﬁp] = Z Ep [C—pl'(C;TCpT + Ctplc—pl)] - Agp Z(C—pl' A—pleT) - App Z( C—pl' A;TCtpl)

p

[C—pl'ﬁp] Z € ([C—plr pTCpT] + [C—pl' C—plc—pl ) A Z(C—pb C—pleT) App Z(C—pb Cp C—pl)
p
Thus we get,
[C_pL APl =€, C_p +A,,Ch (13)

Applying the same procedures as for the electron above, the commutating relation for [C_pl, ﬁd] gives,

[C—pl'ﬁd] = Z €4 (C_py, (CiCqr +Cxq,C_q))) —Ada Z(C—pl, C_ailCar) — Aaa Z[C—pb CiCtall

d d d
[C—pl:ﬁd] = Z €q ((Copu,CHiCan) + (€, CHquCq)) —Ada Z(C—pw C_aCan) — Addz [C—plv CaiCrall

d d d
Hence we get,
[C_ L BY=0 (14)

Similarly,

[C—plv pd] Cpu— A+Z C_alar— A4, Z Cr, .Gl +4% Z Coplpr — Ay Z Chiry
pd pd

[C 0 Hpal = —AF Z(C—pl;c aCar) — 4, Z(C—pl' C, Gl — A Z(C—pl’ CopCp) — 4y Z[C—pL,CdTC al

pd pd
From which we get,

[C_p Hpal = 8, Cy (15)

Substituting equations (13-15) into equation (12), the equation of motion for < f_p l,Cfpl >becomes,

A
i L A _pp_ "2

w—€p w—€p

K Cp,Clyy »= =& Chy,CEp > (16)

Now, substituting equation (16)into equation (11) we get,
Appth,

2
wz—ep2—<App+A2 )

K Chp Cy »= (17)

It is a well-known fact that, the superconducting order parameter in the electron band can be related to the Green’s function as,

Agp = —Z < Ch,Chy >» (18)

wheref = kg and V,, are the Boltzmann constant andthe paring potential in electron intra-band respectively.

kg T’
Now, we use the expressionow — im, and Matsubara’s frequency (30),given by

wp = 2 (19)

Substituting equations (17) and (19) intoequation (18) we get,

+ +
Adp+43

(@n+vm) ) -p2(2-(a%, +A;)2))

VppB
App=—, Zpn ( (20)
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By changing the summation into integration and by introducing the density of state at the Fermi level, N.(0) , and using the
relation,

tanh(Be/2) 1
2Pe Zicn ((2n+1)m)2+(Be)2 @1
we get, (BE ) (BE )
hop tanh 2—p hop tanh —zd-
Afo= VppNp(0) Afy [ —5, &t VoaNa(0) Ada ;7 —5—dEq(22)
2 2
wheree = \/EIZ) + (App + Apd) ande’ = Jei,z +(Aaq + Apd)
Now, ifwe consider the electron intra-band only, equation (22) becomes,
BEp

1 hwp tanh(z—)

N Jy 5 9B (23)
Now, using Laplace’s Transform, the integral in equation (23) yields,
B ,

1 _ (hor tanh(z— Ef,+Af,p) 5 o4 2 (hoor - 1

pr(o)_fo Td €p —4B°App fo X — dE, (24)
PP Ep*+ipp (n(2n+1))2<1+(ngTil)> )
Using the substitution method and rearranging, equation (24) reduces to,
1 _ hop -4} p? w 1 o 1
vppNp (0) I n(1'14kBT) 3 0 (2n+1)3 fo (1+y2)2
(25)
wherey = b
n(2n+1)
Applying Zeta and Riemann zeta functions, equation (25) becomes,

L =1 n(1.1452) - 20,106 26
vppNp (0) " kgT szTé( ' ) (26)
At T =T; ,we have,

1 _ AWF
— = “(1'14_kBTc) 27)

2
Substituting equation (27) into equation (26) and using the relation] {1 — x) = —x — X? + -+, we get,
L
Tz
App (T) = 3.06k5Tc (1 - T—C) 28)
At low temperature, the transition temperature is expressed as,
— hop 1
Te = 1147 exp( e (%) (29)

Thus, using equation (29) in equation (28), the expression for the superconducting order parameter, A, (T) for electron intra-band
becomes,

1 T 1/2
8y (T) = 3.5heopexp(~ vppN(O)p) (1-5) (30)

whereN,,(0) = 3.09(meV)™! andVj,, = 3.09(eV) are the density of state at the Fermi level and the pairing potential for the
electron intra-band respectively andhwg = 8.75neV is the Debye energy.
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Similarly, applying the same procedure as for the electron above, the equation of motion for the superconducting cormrelation
functions « éltT,éik , » for the hole intra-band becomes,

A+ A+ _ Azd*‘ AI— ~ ~T
K Cqp, CIg »= vy KCanCog > 31)
and

A oat __1 Aqgth,y P
KC_gullgy»= E+T€d &L C&HClty >» (32)

Finally, afier a couple ofsteps the expression for the superconducting order parameter, A, (T) for hole intra-band becomes,

Agq(T) = 3.5hmFexp(— Vled (0)) (1 —Tlc)l/z (33)

whereN4(0) = 3.15(me V) %and V,; = 3.093X103%eV(at omarethe density ofstate at the Fermi level and pairing potential for
the hole intra-band respectively. The superconducting order p arameter for the inter-band between electron and hol e bands can be
related to the Green’s function as,

V d ~ ~ ~ ~
A= ﬁzpd(« ChCEp» + < €, CHgy » (34)

Aftera couple o fsteps, the expression for the superconducting order parameter, Ag, (T) due to inter-band interaction between the
bands is given by,

1

AL(T) = 3.5hwpexp| ——— |(1-2)° (35)

Vpd [Np (0)Na (0) Tc

whereV,q = 1.80eVand is the inter-band paring potential between the electron and the hole bands.

Dependence of superconducting transition temperature on the inter-band pairing potential: The dependence of transition
temperature on the inter-band pairing potential can be studied by coupling the two superconducting equations given by (31),

tanh! & tanh| B—el
A, = VyN, (0)A, foh“’F 6(2 )de+ VpaNg(0)Aq f:”# de’ (36)
and

tanh per tanh Be
Ay = V4N4(0)Dy f;w%de’+ VoaN, (04, [ Ze(Z)de 37)
Let

tanh Be tanh Ber

F(A) = ff”% deandF(B) = foh“’F 26(,2 )de’ (38)

Substituting equation (38) into equations (36) and (37) we get respectively,

Ay = VuNp(0)AF(A) + VaN4(0)AqF(B) (39)
and
Aq = VgN4(0)A4F(B) + VpaNp, (0)ALF (A) (40)

Now, rearranging equations (39) and (40) we get respectively,

Ap[1 = VN, (0)F(A)] = VqN4(0)AGF(B) (41)
and
Ap[1—=VgN4(0)F(B)] = V,aN,(0)A,F(A) (42)

Now, considering the products ofequations (41) and (42) and rearranging we get,
[1-V,N,(0)F(A)][1— V4N4(0)F (B)] = VZN4(0)F (B)N, (0)F(A) (43)

AtT =T ,A, = Ag = 0. Thus, we have F(A) = F(B) = F(T).
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Therefore, equation (43) becomes,

[V24 — Vp Va] FA(TO) +[ ] F(Te) — (44)

Nd(O) Np(0) Np (O)Nd(O)

The solution for equation (44) can be calculated as,

2 2.
1["10 LVd1\/(VP LVd>LVpd VpVd

Ng©) Np(0)] Nq(©) Np©)/ "Np()Ng(0)

F(To) = V2 -VpVa (43)

Butat T = Te, F(Te) = 1 n{ 1.14 225 "“’F)

Finally, the expression for T¢ becomes,

N 2
—VpNp(0)-VgNg (0)—\/ (Vpr(0)+Vde (o)) +4(vp d—vpvd) Np(0)Ng (0)

2(v12J 4= VpVd)Np(0)Na (0)

T = 1.14%F exp (46)

If the intra-band interactions are missing, i.e. V, =Vyq = 0, the transition is solely induced by the inter-band interaction and is
given by,

1

Vpd /Np (0)Na(0)

Equation (47) relates T¢ to Vi,q in the two band model mediated by the inter-band pairing interaction (32).

_ 1 14h0F
Te = 1147 exp (47)

Thus, one can easily see that, by takingV, =Vq = 0, the inter-band interaction can induce the superconducting transition
temperature, Tc.

Density of states in the electron and hole intra-bands
The density of states as a function of excitation energy (&) in the electron band is defined as (33),
. 1 . .
Np(®) = 1imy, o= Eil Gk & +i€y(19) = Guu(k & —iey(K))] (48)

whereG p is spin quasiparticles Green function for electron band. Substituting equation (11) into equation (16), we have,

w +E

D
49)

1G4 é—plﬁ Ctpl » =
WhereEg = E§+ A,sz

Using the partial fraction method, equation (49) becomes,

1E,,) (1 + Z_:) + %(ejEp) (1 ‘GE_:) (50)

~ At _ l
K Cp Chy > =2 (E_

Using the definition ofthe Dirac-delta function, the expression for the density o fstates in the electron intra-band o f equation (48)
becomes,

1 € P € P
Np(e):zzp[(1 +E—p)5(e—5p)+<1—E—p)5(e+Ep)] (51)
Now, changing the summation into integration, we get,
h € h €
N,y (€) = N,(0) f,“" (1 + E—;’) 8(€ —Ep)de,+ Ny (0) [, “’F<1 - E—:) 8(€ +Ep))de, (52)
Using the Dirac-delta integration relation, [ _Ocoo f(x)5(x —a)dx = f(a), we have,

Ny = N, () (32) (53)
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Finally, for €, = eand E} = ¢* — Af, , we get,

2N, (0) ==, fore> A
p ’ P
N, () = Je2-83 (54)
0 fore <A
Similarly, applying the same procedure as for the electron above, the density ofstate in the hole intra-band becomes,
2N4(0) ==, fore > Ay
Nd(S) = \ sz_A(zi (55)
0 fore < Ay
CC
BEgazexp(Bay) B(a1—€4)€q
cd _ Nl fhwd . T{exp(faz)+1)? zr\/e§+Afid+Ai+AddAj+A1A;d 63)
“ Na(m 0 [ aiexp (Bay) _azexp (Baz)
{exp(Ba1)+1}2  {exp(Ba1)+1}2
Qy = + €2+ A2, + A3 + A} A+ AfD gy =+ €24 (Dgg + A1) = +,/E2+ A2
@y = —\ €4+ AL+ DT + A% Ay + AT Agg = - €5+ (Bag +A1)? = —JEL+A]

Electronics specific heat for m-band and o-band are given by Equations (4.100) and (4.101) respectively.
RESULTS AND DISCUSSION

Employing the system model Hamiltonian in two bands for superconductorMgB,, we obtained the expressions for the dependence
of superconducting order parameters for the intra and inter-bands on temperature, dependence of superconducting transition
temperature (T:) on inter-band pairing potential(Vpd). Furthermore, we obtained the expressions for the dependence o fdensity o f
states, N(¢) on excitation energy and the dependency of condensation energy (E.) on temperature, pairing potential and
superconducting transition temperature. By using equations (30), (33) and (35) and by considering plausible approximations, the
phase diagrams of A, (T), Aq(T) and A,q(T) versus temperature are plotted for MgB, as shown in Fig. 1. Thus, we obtained the
total superconducting order parameter in two band model as a linear sum of the intra and inter-bands for MgB,. Furthermore,

using equation (47), the phase diagram for the variation of superconducting transition temperature with inter-band pairing
potential is plotted as shownin Fig 2 forMgB,.

12 i :

. =y — AT |
= —

: e shsree AL (1Y

— -“""‘--.

e . = <1 Apa (T)

-— - -‘H""' y

E . Ap(T)+ Aq(T)+ALa (T)
B 6 [mm—— \\ |
b=3 = —— g

[="=3 - = ) i
& T

.r; —— — i~ \\
b= - 3 ‘

g 3 e

g eany B AP e er s % cteeme s e 858 ¢ ma soem P — H““" |
g_ I e e = 4
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0 6 12 18 24 30 36 +2
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Fig. 1 Superconducting order param eters versus temperature for MgB,
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Fig. 2 Superconducting transition temperature versus inter-band pairing potential
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Fig.6(a) . Condens atio n energy versus temperature, (b) Condensation energyversus inter-band pairing potential at
T=0K and (¢) Condensation energy versus superconducting transition temperature for MgB,

Using equations (54) and (55), the phase diagrams for the density of states in the electron intra-band, Ny, (¢)and hole intra-band,
Ng(€) versus excitation energy (€) are plotted as shown in Fig 3. Similarly, the variation of the density of states in the electron
intra-band, N, (&) and hole intra-band, N4(g) with temperature are also plotted as depicted in Fig. 4. Using equations (62) and
(63), the phase diagrams or the electronic specific heat in the electron intra-band, C,(T)and hole intra-band, C4(T) versus
temperature are plotted as shown in Fig.5. Also, using equation (60), the phase diagrams for condensation energy versus
temperature, condensation energy versus inter-band pairing potential at T=0K, and condensation energy v ersus sup erconducting
transition temperature are plotted as shown in Figs. 6(a), 6(b) and 6(c) respectively for MgB,.

Conclusion

In conclusion, we have presented a two-band model by developing a model Hamiltonian for superconductor MgB, and using the
double time temperature dependent Green’s function formalism for th e materi al which includes some o f the essential concepts of
the material. As shown in Fig.1, the intra and inter-band superconducting order parameters, A,(T), Aq(T) and Ayq(T)are
different at zero temperature and decrease as the temperature increases and vanish at the same superconducting transition
temperature (T¢) because of the presence of inter-band pair hopping in MgB,. We also obtained that, the superconducting
transition temperature increases with increasing inter-band pairing potential (Vpd)as shown in Fig. 2. As we can see from the
figure, we conclude that, the two bands are not independent of each other and are coupled with each other via the inter-band
pairing potential which induces pair-wise exchange between the two bands. The presence o fthe inter-band on one hand enhances
pairing ofelectrons and on the other hand leads to the single sup erconducting transition temperature. Similarly, both the density
of states for the electron and hole intra-bands vary in a similar way with the excitation energy and diverges when it approaches A,
and A4 at T=0K respectively as depicted in Fig 3. The density of states decrease with increasing temperature for each band as
shown in Fig. 4. The electronic specific heat increase with increasing temperature for each band as shown in Fig. 5 Finally, the
dependence of condensation energy on temperature, inter-band pairing potential and superconducting transition temperature are
shown inFigs. 6(a), 6(b) and 6(c) respectively. As can be seen from Fig.6 (a) the magnitude ofthe condensation energy d ecreases
with increasing temperature. Similarly, the magnitude of the condensation energy decreases with increasing inter-band pairing
potential and superconducting transition temperatures as demonstrated in Figs. 6(b) and 6(c) respectively.
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