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INTRODUCTION

The theory ofhyper surface of Finsler spaces may be developed after the model of Riemanniangeometry. In the early years of
Finsler geometry, E.Cartan, made M. Haimovici fundamental and essential contributions to the theory. Then, various interesting
results on hyper surface of Finsler spaces have been found by O. Varga, H.Rund (see.(1),(3),(4),(7),(8)).It seems, however, to be
the un evitable obstructions to develop the theory of hyper surface of Finsler spaces analogously to the Riemannian theory, and, as
a consequence, almost all the existing literatures are not easy to understand and confused notations sometimes bewilder the
readers. The first among those obstructions is perhaps surviving of quantities which are derived from Cartan's C-tensor, for
instance, the non-symmetry property of the second fundamental tensor. The second consequence ofthe first, is that the induced
connection, defined by the projection, does not generally coincide with the intrinsic connection, determined from the induced
Finsler metric, and that the former is beyond the usual concept of connection appearing in Finsler geometry. In 1985, Matsumoto
(9) studied the theory of Finslerian hyper surfaces and various types of Finslerian hyper surfaces called hyper planes of theI first

kind, second kind and third kind. In 1972, Makoto Matsumoto proposed the concept of (a. ). metric, where ] (' y )z isa
Riemannian metric and B _ bifx)y’ is a I-form on a smooth manifold. He induced the intrinsic Finsler connections of a
hypersurface of the Finsler space. M. Hashiguchi and Y. Ichi-jyo and C. Shibata were studied Finsler space with differerent (e B)
- metrics. In 1992, Makoto Matsumoto also worked on the theory of Finsler spaces with (e ) metric and obtained the

interesting results. In 1980 H.Wosoughi has studied the theory of hypersurface of special Finsler space with an Exponential (a8

-metric . L.Y. Lee. H.Y. Park and Y.D. Lee were got the some results on hypersurface of a special Finsler space with a metric
'S\.:

+ z . In 2008 M.K. Gupta and P.N. Pandey studied the hypersurface of the Finsler space equipped with a Randers conformal

metric and obtained certain geometrical properties of the hypersurface of the Finsler space. In 2009 S.K.Narasimhamurthy and

H.G.Nagaraj were studies the Special hypersurface of a Finsler space with{”'-'r}]— metrics. A change of Finsler metric

Lix; v)L = Lx; y) + bilx)y'

is called Randers change of metric.

*Corresponding author: Narasimhamurthy S. K.,
Department of Mathematics, Kuvempu University, Shankaraghatta, Shivamogga, Karnataka, India.
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The notion of a Hashiguchi and Ichijyo and studied in detail by Shibata. Recently Nagaraja and Kumar studied the properties of a

Finsler space with the Randers chage of Matsumoto metric. In this paper , we syudy the hypersurface of a special Finsler space Fn

(a+8)°
equipped with the metric function ¥ = ~= ¥ ¥ and here by inspiring the work of On the Hyper surface of a Finsler space with the

Square metric and to obtain necessary and sufficient conditions for the hyper surface to be a hyper plane of the first kind ,the
second kind but not the third kind .

F: TM = [0.)

Preliminaries: A Finsler manifold is a manifold M and a function called a Finsler norm such that

e Fis smooth on ™ I"*{D}.

FITxM : TxM — [0, ) [ xEM

is a Minkowski norm for al

TM\{0} TM\{0} _ U {TxM\0} : xeM.

Flx,y) = g, ly.y)

Here, is the slashed tangent bundle. i.e.,

Example: Let (M. g) be a Riemannian manifold. Then is a Finsler norm on M.

Let Fn = (Mn.L) be an n-dimensional Finsler space equipped with the fundamental func-tion L{x.y) satisfying the requisite
conditions. The normalized supporting element, the metric tensor, the angular metric tensor and Cartan tensor defined by

. L
b= a9 =388 hg = 144 Cyu =] deg

respectively. The inverse of the metric tensor and the generalized christoffe 1 symbols are given by,

,E'I'l'_i'ﬂ'i.k = &k
1
Fijk = 5 {al' Gix T & gij — %’Hl’k}'

I — ir
ik =8 Yirk

F

The Cartan connection in " is given as

Cr= (Fy.G.C)

Where
; 1
‘!_:.'Ir. = ;{Jf Hik + 'Eicﬂl'j' - 'Sj'ﬂl'k } (1)
: R S .
G_i'l = ﬂ_i'Gl .GI :; ]":i'liijdy ’ C_i'lk :ﬂlrﬂ'jrk. (2)

Here, we shall use the following definitions, which are defined by M.Matstumoto in (9);

1-1
1. Definition: If each path of a hyper surface FT with respect to the induced connection is also a path of the enveloping space

F* Fr-L. .
then is called a hyper plane of the first kind.

F n-1

2. Definition: If each path of a hyper surface with respect to the induced connection is also a h- path of the enveloping

Fn Frn-L . .
space” , then is called a hyper plane of the second kind.

3. Defnition: If the unit normal vector of £ o is parallel along each curve of Frt ; then Frt is called a hyper plane of the
third kind.

n
Notion of Randers change of Square Finslermetric: Consider the Finsler metric (M7.F),

Square metric that is given by

where F is the Randers change Finsler

_ ra+E1°
F = — + 3)

Differentiating equation (3.1) partially with respect to * and B twisely, we get
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o =5 25 _ Bm+If+m _z2 _-zg

== Re=% B="7" Bs=7 Fs=— )
The angular metric tensor hij is given by
’l-"m? = Py + g '[Jfb_i' + QL{bl'J"_i' + '!J_i'fJ"l'} + Qz¥i Vi (5)
where the coefficients are defined and calculated as follows
¥i = ayj J,.i',

— Fa¥i )
{I'_ . +F3|[J|’ (6)

_ FFa _ (le+f12+mB ) (a?-52)
Pm e ™ : @)

_ FFap  —2fia+8 +af
=", = o , ®)

rnrﬂg—%‘l 252 a® =5
=T o a Q)
g = L 3%
eo= = - ] !

The fundamental metric tensor —©  22¥'of Finsler space (M%F) is defined by
gij = pagj + po bib; + py(biy; + Byy) +payiy; (10)
where the coefficients P2 PL and P2 are defined and calculated as follows

_ FFg _ [(e+f12+af)(a?-F%)
P= s o4 , (11)

_ o 5 (3w +2f+a)°
Po =qotF _2+— (12)

[a+f12 2
%= Fs [T+ B} ) 0
pF g —28lm+F1P B (lo+ 512 o (e +28+a)

PR T G L et ) Ea (@B vas (14)

_ ﬁ_ e [la+507 vaf (o2 (w+ B +af
P = rl':-l_:_-:_{ ot }+{ o® } (15)

.

In addition, reciprocal tensor ! of fundamental metric tensor of Finsler space F is
gY =_TJ‘50'["£’J — 5, (' + b7 y") — S.ytyd 16)

where the coefficients bi.5p 51 and 5z are defined as follows:

,I_'JII = ﬂl..i. II_'JJ. ’
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ppl + (pOp2— piia®

5, = BERTEERUS
’ p ’ (17)

& BpLl+(pOp2- pIig
L P (18)

E

ppl + (pip2- piib®

5, = EERrPORR P
i p{ , (19)
{=plp +pb* +p )+ (pop: — piNas* - B7) (20)
L
where T = 8B B
_ 1y

Now, the hv-torison tensor 2 2¥* is defined by

_ F E'-': P = R jpm Ry mg mmg

Cioe =

E 2p 1)
where the coefficients Y1 and ™ are defined as

- Yif

M= Poe PG mi= bi—Tg 22)
where P 0.p.p1 are given in (11).(12). (14) and "™ is known as non-zero covariant
vector orthogonal to supporting element ¥’

i
Let Ci be the components of Christoffel symbol of the associated Riemannian space
n k
R and Vi be the covariant differentiation with respect to * relative to Christoffel symbol.
Now we put
L
:ylxj. = ; {.I_'Jl.j. + bj'l':] (23)
L

55 =1 {,[,I.j. 1 '[J_i'f} 24

where bij = ?-i'b".
=l oGk n Lo_rh
Let €0 = (T Lok, Gie ) be Cartan connection of © . The difference tensor D — T of
A Fn. .

the special Finsler space © is given by

D = B'ry +5/By + Blby; — bomg™ Bip — ClpAT

_EF[?n -"J‘_,-r'n + C_i'iafn":j.;nﬂl-s + }’3 ':C_i!-rn Csk™ + Crlm' CST - E_i'tr?ci!;'.s:] , (25)
where Bx = Polx T 00 (26)

Using (12) and (14) in (26) we get

_ (2o +28 +a)® (28l +82+af) (la+f 2 +afa®—52 i3n +28 +a)
Bp=2+ { a? }b;‘ —1 e o+ +af % (27)

o
s (28)
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P
palag-—= I+iE‘1rr.l:rr.J-

s/ ﬂ.']'
gl.j. = -
> (29)
2Bl + 51+ F) (re+B+af (e - 52 Maw+28 +al (@ —yyri)
EEI'_i' = — {I: R‘-;; b }‘l‘[ r - J }
g +4m+2f
HEmm, (30)
Bf = g"B; 31)
AP = Bi'mo + BT + Bysg + Bos (32)
Using (26) in (32) we have
AT = Bl + BT + 24 ot p, —
[+ EE+afie® - 52 Jr3e+ 28 +m) om m
{ oies } s + Bost ' 33)
¥ = ™y, + 2B, ST (34)
B, = BV’
(36)
Using (27) in above we get,
(Za+28+a1?
B, = {2 + {T}}b,
(28 (a+f12+af) (la+ 12 +af) (e - 52 (2 +28+a) . i
- (@B eaf) Jno (37)
Induced Car tan Connection:
Let F" = (M",F) = CB g Fr-t
- VR 52 where @ © , be a Finsler space and let™ be its. Hyper surface having equation
. ) o ] i — dx! !
o= =12 0 - 1. Let the matrix of projection factor be ~ %  3u® and its rank is (r— 1) The tangential
o n 1-1
component of element of support J'Iof Finsler space F along its hypersurface " is given by
y' =Bl 39)

o n-1 . o . v C oy
Therefore, ¥ is the element of support of hypersurface F* at the point ¥ . The metric tensor 9a8 and 'r”'-torlson tensor ~ %F¥
F=

L
of hypersurface are defined by

o — ipdpk

Fi"!—].

[ a
Now the unit normal vector ¥ I(u,V) at an arbitrary point *  of the hypersurface is definedby the following property;
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gij (xCu, 1), y(u,v) )BINS = 0  Gij (e, 1), yu, v) JN'NT =1

(40)
The angular metric tensor hij , we have
hag = hiiBiB). hyBLN/ =0, hN'NT=1, “n
Let (BzlN:) be the inverse of (Bz.N¥) , then we have
Bi= g*fgy B BiBf =6, BiN'=0, )
BiN;=0.N; = g;; N'.Bfg" B;. 43)
Bi BF + N'N; =&}, (a4)
= (T &, C8 -1
The induced Cartan connection ECT =Ty, G5 Cgy) on hypersurface " induced from the Cartan’s connection
€T = (T3 Toh . CHY . .
Jw. e RS s given by (3);
rie = B&(B), + ;i BIBF )+ MEH,, )
6* = 87 (Bis + T3l B]) 6
Cq =B Cix By By (47)
Mg, = NiCh, B y*
where o7~ Tk Bg (48)
M,?R. = RWMS;.-' . (49)
— [ i nli
Hg = Ni(Byz + I'p; Bz ) (50)
- ﬁ
Br 7 auv (51)
Byg = '[’Imﬁvg_ (52)
Mg,  Hg , : p— Hgs .
The quantities ~ *¥ and appeared in above equation are called the second fundamental tensor is defined as (8);
Hg, =N,(B}, +T;i B.B} )+MSH.F.’ )
M; = N,C BIN®.
B Tk g (54)

— . . . 7 o— . . . . . 'Ix . .
The relative h covariant derivative and ¥ ~covariant derivative of projection factor B; with respect to induced Cartan

ECT

connection are respectively given by;

Bag = Hapll" (55)
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Baig = MogN'

(56)
The equation (3.10) shows that Hey is not always symmetric and
Hg, — Hyg = MgH, - M,Hp 57)
Thus the above equation simplifies to
Hy = Hy, Hyo = H, + M, Hy (58)

We utilize the following lemma derived by M.Matsumoto (9) in order to prove our hypothesis. Lemma 1. The normal curvature

Hg =H31:'9 Fr-lL

vanishes if and only if normal curvature vector Hg vanishes. Lemma 2.A hyper surface is a hyperplane of first

— -1
kind if and only if Ha=10. Lemma 3.A hyper surface F* is a hyperplane of second kind with respect to Cartan connection (T
ifand only ifTe =0 and Hag =0
L Frt. R . (T, ifHe Hop =0
emma 4.A hyper surface is a hyperplane of third kind with respect to Cartan connection if and only if**# |
Mys =0,
and = %8

n
Hyper surface of Randers change of Square metric: This section determines the necessary and sufficient condition of F for
hyper surface to be hyper plane is satisfied the first kind, second kind but not third kind.

Fi’!—].

Consider the hyper surface whose equation is given by

'[JI{X:] =, (59)

where € is a fixed constant.

Fi’!—].

Thus, the gradient of the function representing hyper surface is given by in tensor notation

b;(x) = 8:b.

. . . . ¥ .{un':] F™ -1
Again, consider the parametric equation ™! of the hypersurface '
@ — — LRI 5
Differentiating the equation (59) with respect to parameter ¥ we get ﬂﬂb{x{u]} =0= '[J'B“. It is obvious that bi(x) are the
-1
covariant component of normal vector field of hyper surface " .
F? -1
Therefore along the hyper surface we have
by = 0. (61)
2 n
The metric induced L(w.v) from the Randers change of Finsler Square space (M7 F),
(e+g1°
= —+ Fi’!—]. . .
Where @ on the hyper surface is given by
) = g
Llu,v) = agpuvF , (62)
Where "% = @i BBy
5 — o n
The induced metric in (62) do not have B component (te.B = by' = 0) of the Finsler metric of the original space (M". F).

n-1
therefore induced metric in equation (62) is a Riemannian metric. Therefore at any point on the hyper surface F .
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Equations (8),(9),(11), (12),(14) and (15) reduced to

p=lgy=2g.=-Lp, =12.p, =4 p. =0. (63)
-4 4 I 13- S a
0= T St T T 052 T g o§ T 1A (64)
1-1
Theorem 1. The induced metric from the Randers Change Square metric on the hyper surface Fr is a scalar function b(x) is

given by

4b .. ]
Bl{x{u]} = —._'m a.nhrl- and I[J|' = ﬂl'i l[J_i' =4/ J_ — ‘I-IJ:N,- +||_'J_J,I

where Ny is unit normal vector.

Proof: Using equation (63) and (64) in (16) we have

ij — Aif 4 ipj 4 . | anl 16 b i d
A el = 'y’ +b') ]+L—4E:-3J e (65)
Multiplyi i bibj B=by =0,
ultiplying equation (4.7) by and we know that the fact that ! it becomes
i g, — L6b
g biby = (66)
Thus we get
. = i . 2 = ij N
b.(x(2)) —=N;. b*=dlbb, )

where b is the length of the vector IJi.
Now, from (65) and (67) we get

B =gl = V1 — 4h° Nt + -[J:_‘_FI. £ (68)

1—1
Theorem 2. If F be Randers change of Square metric on the Finsler hyper surface F" then the second fundamental tensor is
given by
M ‘HJ .r nd M 0
{ == g ana M, =l
¥ ayi—aE ¢

And the second fundamental h- tensor Hag is symmetric. Proof: Using (63) in (10) and (5), then we get fundamental metric

tensor 99 and angular metric tensor g

gij = ag; + 12b;b; + 4(by; + byyy) (69)
hij = ag; + 2bib; — vy (70)
aj
From (15), (61) and (41) it follows that, if "ag denotes the angular metric tensor of Riemannian a; (x). then along hypersurface
-1 ||- - ||- [aj ) ,
F*% (e) , ‘a8 = a8 " Differentiate equation P Owith respect to B we have
dpg _ of +dm+2f
a8 at (71)
dpp g, 4
Fi’!—].{c] . - = +_] . ¥i mi ¥y = -3
Thus, along the hyper surface the equation (71) reduces to 2% & and the equation “!*"" reduces to ‘L ,

mi = bi
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w1 - 7 2 1—-1
Now, using the values of p.pl JYLand ™ in (21), hv _ torsion tensor in hyper surface F* is
Cijie = hijby + hyp by + hy by (72)
using (60) and (72) in (45) we get
1 4b
ﬂ. = - _—
fog =3 W 1-4B2 (73)

From (60) and (72) in (51) we get

M, =0. (74)

Observing the above equation in (53), which shows thatH“'? = Hpa ie., Hag is symmetric.

1-1
Theorem3. The necessary and sufficient condition of Randers change Square metric for hypersurface F'™" (e} to be hyperplane
of first kind equation is

by; = f{bfﬂj + -[J_i":'f}

g

1-1
and then the second fundamental tensor of £ "o is proportional to its h“'?. Proof: Differentiate (60) with respect to ~ we get

'[Jl'l_i' Brl;' + bl'Brlh;l.? = D’ (75)

= BJ + by;N/Hy = 0

B
using (3.50) and t equation (75) reduces to

by BJBL + by; NV HgBE + biHogN' =0

; (76)

—b

Since B rCij , from (51), (67) and (74) we get

by BL N =—2— 1, =0,

W L—dir (77)

using (76) in (77) we get

foi 4b
b”_i' EL.;BII:-+ ﬁ Hn-'? = U.

(78)

i B L
Clearly, LN symmetric. Now, contracting (78) with ¥ first and again contracting with ¥ respectively and then

using (38), (55) and (74) we get

j ' W L—ab? - (79)

R _ (80)

Fi’!—L

From the Lemma (4) and Lemma (5) a hyper surface (e) is a hypersurface of first kind iff normal curvature vanishes i.e.,

HO=0.



9938 Natesh et al. On the hypersurface of randers change of finsler square metric

1-1 15 arbard —
Since HO = 0 in ( 80), we find that hyper surface © ") again a hyperplane of first kindiff ?&/ ¥ y=10

F

i1+ n 0
Note that: bily is the covariant derivative of with respect to Cartan connection r Finsler. Space it may be depends on” .

Vb =B S . . . . . . L
Moreover 47! 7 Which is the covariant derivative with respect to Riemannian connection L constructed from ()

therefore 7% does not depend on v

On the other hand, consider the difference Baj — By and the difference tensor
-i'l;_- = 1" + 1"_;;1 —_ ].—::h

b

is given by (25). Since Tisa gradient vector from (23) and (24) we have

nj=by.s; =0 .s_i!' = 0.

] i (81)
From (81) in to (25) we get
D =B'by +siB; +Blbg; — bomg™ By — ClpAR —
Crln'r AJ_r_n + C_i'i?n":j:‘ﬂfs +y° ':C_i'l;'n Csk™ + Crlm' C.;rf - C_i'r{"crl;'.s] , (82)
Now, using (8), (9), (10) and (65) in to (26) to (60), we get
o en. 2. mi_ % 2 .
By = 6b; + ok B 1-4p? a1-ap? 0t (83)
5 _JEE'EE':E“'—J'[_'I.'J'::+|R':+-1-|:!'+:|?|EEJ|:EJ_|'
v 27 (84)
_I' _ - 4 P _ 4 i .1_. . _,I' ﬁ )
Bi=laj+ - b by’ +by') + 12 10 (85)
AR = By'bog + B™hyp 2™ = B™ by (86)
On contracting (86) by ¥ we get
B,=0.,B,=0.
Again contracting (86) by ¥ and using By =0 e get
Ay = Embnn.
Also, contracting (82) by ¥* and using the facts
Bip = 0,Bf = 0.4 = B™bgy , 4 €5 = 0.Com =0.C5 =0.
Then by cotracting (39) and (47) we get
o = By + Bfboo — booB™ Cfm. (87)
P ab ab
Do = 1—-4b7 b bog + TEPTEI bog- (83)
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On multiplying (87) by '["-and then using (61), (83), (86) and (87) we get

pio_ 48 L1k 4B im
biDjo = iz bio + o riazm; Bitoo — T B Cimboo - (89)
Now, multiplying (88) by bi and then using (61) we get
: ap?
'[JI'DI}I'D = E '[JDD (90)

From (72) it is clear that

BB CinBl = B*M, =0

=b;:—b

On contracting the expression by ] rDj by ? I and ¥ respectively and then using (4.32)

S _ —_*
we get byjyv'y! = bgy — b Dgg —ab? '[JDD' (92)

Using (88) and (91), (79) and (80) can be written

——1b;yBi + VBT H, = 0,
W l-4 b (93)

L =
——byy + VBT H, =0,

94)

From the equation (94) it is clear that the conditionHE’ =0, is equivalent to boo = 0. where bif is independent of :"I. Since ¥’

..1" 1“: .1" .1:
satisfy equation (61), the condition can be written as Bijy'y’ (Byy ){CJJ ") for some

2b; = bicj + bie;

>

L
'[Jl'_i' = ;':‘[Jl":'j + '[J_i":'f] (95)

I — : B'i
Contracting (95) and using the fact that biy' = U, we get bop = 0. Multiplying equation (62) by Bllfand then ¢ and using
LBIRpd = \ plgf = [ =
UTeTE Similarly we get bijBzy’ = 0. This further gives bigBay’ = 0. Using this in equation (93)

equation (60) gives
— IJ N b= L _
He = D.' Again contracting (95) and then using equation (61) gives '° 2z . Now using (85) and(86) and using by =0
b;:BLB! = 0. m_nABf=0 B.BiBi=Ln ..
R =075 T T and U758 T 22 %8 Thus using the equation (16),(67),(69),(73) and (82) we gt

gives

and

r !r;+:.?+|:r}{n‘:—.?:} _ oghb?
b Dy { T a2 _-1-|::|L—-1-E?:|hm?_

we get nd

(96)
. . by = by; — b,DJ . .
Thus using the relation ! g I and equation (96) equation (78) reduces to
cob? 4b _ o

ST ape i = @ + 2y — iy + ———{a;; + 12b;; + 4(byy; + by )IN'BL, +

(1 —452)

W

(3a® —3af* +2a*f - 28% + a® — af®
er! 3 +
o

Mg {ay; + 12b;b; + 4(b;y; + by ) (Blg + Toi (C———))N ) -

Fi’!—].

Hence the hyper surface (c) is umblic.
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1-1
Theorem 4.4. The necessary and sufficient condition of the Randers change of Square metric for Hypersurface =4 (c) to be a

S b, by = ebb; S F'=t{(c) . o
hyperplane of second kind is given by ¥ Y 1. Proof: Since from Lemma (6) is a hyper plane of second kind if
and only if Hy =0

function e(x) such that ci(x) = e(x)bi(x). Again from (95) the theorem desired. Notice that, from equation (73) and Lemma (7)
Fﬂ—L F
of

and angular metric tensor is zero. Therefore from (95), implies that “o = cilxy' = 0 Thus there exists a

we deduce that hyper surface is not a hyper plane of third kind.
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