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1. INTRODUCTION

The moment problem is an interpolation problem with one or two constraints. The “lower” constraint is usually the positivity of
the linear solution. Sometimes, this makes possible representing the solution by means of a positive scalar or vector measure. The
“upper” constraint could refer to the continuity of the solution and “measures” its norm. The latter constraint appears in Markov
moment problem (Krein and Nudelman, 1977; Lemnete-Ninulescu and Olteanu, 2017; Mihailaer al, 2007; Mihailaet al., 2007,
Olteanu and Olteanu, 2007, 2009; Olteanu, 1991; Olteanu, 1996; Olteanu, 2013; Olteanu, 2014; Olteanu, 2015). In the classical
moment problem (Akhiezer, 1965), the values of the solution at polynomials are given, and the positivity of the solution is
required. The first question is to find and prove necessary and sufficient conditions for the existence of a linear extension from the
subspace of polynomials to a larger function space, such that some constraints to be verified. The next two problems are
establishing eventually the uniqueness and constructing the solution. So, the moment problem is an extension problem of a linear
functional (or operator), with one or two constraints. In the case when our function space is the space of all real continuous
functions on a compact subset K € R™, one applies the classical Weierstrass approximation theorem. Thus, in this case, the linear
continuous solution (if any) is unique, having (given) prescribed values (called moments) at basic polynomials
th = tfl t,’f", ki €N,j€{l,..,n}t = (t,..,t,) €K,k = (ky, ..., k) € N".If one replaces the compact K by an unbounded
closed subset, more powerful polynomial approximation results are required in order to deduce the density of the subspace of
polynomials in some function spaces, such as L~ type spaces. This is the motivation of recalling the results from section 2. The
moment problem, as well as other questions in analysis is related to the analytic form of positive polynomials on some closed
subsets, in terms of sums of squares of some other polynomials (Akhiezer, 1965; Berg ef al., 1979; Cassier, 1984; Choquet, 1962;
Lemnete-Ninulescu and Olteanu, 2017; Mihaild et al., 2007; Olteanu and Olteanu, 2007, 2009; Putinar, 1993; Schmiidgen, 1991,
Schmiidgen, 2017; Vasilescu, 2003). Such representations allow writing the values of a linear functional at a positive polynomial
in terms of quadratic mappings or products of quadratic mappimgs, the latter generalizing classical results from the one
dimensional case to several dimensions. Such techniques are applied in both sections 3 and 4. In this article, quadratic forms
appearing in the classical moment problem are replaced by quadratic vector-valued mappings.
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The rest of this paper is organized as follows. Section 2 is devoted to polynomial approximation on unbounded subsets. In Section
3, a few aspects of the Markov moment problem are pointed out. In Section 4, invariance of the unit ball in L'- type spaces with
respect to some bounded linear operators is discussed.

2. POLYNOMIAL APPROXIMATION ON UNBOUNDED SUBSETS

The main results of this section were stated and proved in (Mihaila et al, 2007; Olteanu and Olteanu, 2007; Olteanu, 2014;
Olteanu, 2015) and recalled in two other review papers. In these latter works, the poofs are not presented any more. Here we give
the proofs for the multidimensional case, which is the most interesting for the purpose of the present work.These results will be
applied in the sequel (see subsection 3.2 below).

Lemma 2.1. Let y :[0,00) > R, be a continuous function, such that lim w(t) € Ry exists. Then there is a decreasing sequence
t—o0

(hy)] in the linear hull of the functions
o (t)=exp (=kt), keN, t=20,

Such that hy(t) > P(t), t20, [eN, limh; =Y uniformly on [0,0). There exists a sequence of polynomial functions
B ien. D1 = hy >, lim p; = ¥, uniformly on compact subsets of [0, ) -

The idea of the proof is to add the 9O point and to apply the Stone-Weierstrass Theorem to the subalgebra generated by the
functions exp (—mt), m e Z . Then one uses for each such exp — function suitable majorizing or minorizing polynomial - sums,
as well as the obvious equality

2 m S
exp(s) — [ AL :w‘[ exp(~t)-t"dt, mez, .
o2 m! m! Jo

Lemma 2.2. Let V be a M-determinate positive regular measure on [0,0), with finite moments of all natural orders. If

v, (p])] are as in Lemma 2.1, then there exists a subsequence (pJy, )y, Such that T)lm —Y in L}/ ([0,0)) and uniformly on

compact subsets. In particular, it follows that the positive cone P+ of positive polynomials is dense in the positive cone
1 1
(Ly ([0,20))4+ of Ly ([0,0))

Lemma 2.3. For any simple function of the form

N
S:Z ajzp;. @j20, j=l..N, I;cRe, j=L...N,
j=1

I; being intervals, there exists a sequence of polynomials (py)p, pm —S in L%, ([0,0)), pm >s, Ym, where vV is a M-

determinate positive regular Borel measure with finite moments of all natural orders. If s is extended to an even function over R,

then the polynomials D,, M € N are restrictions to the positive semi axis of even polynomials on R.

We recall that a M —determinate measure is, by definition, uniquely determinate by its moments, or, equivalently, by its values on
polynomials.

The novelty of Lemma 2.2 consists in the approximation from above, which implies the positivity of the approximating
polynomials. For positive regular Borel measures, Luzin’s theorem and approximation by continuous compactly supported
functions do work. If we additionally assume that such a measure is M-determinate, then polynomial approximation proved in
lemma 2.4 from below holds too. One can give a proof of Lemma 2.2, which is different from that of lemma 2.4 (see (Mihaila et
al., 2007; Olteanu and Olteanu, 2007, 2009)).

Lemma 2.4 is important in itself, due to its generality. The proof is based on a Hahn-Banach argument, also using elements of
measure theory. Now let us recall some notations. If 4 is a locally compact topological space (for example an unbounded closed

subset of Rn) then C((4) is the space of all continuous real functions on 4, vanishing at infinity. By C.(4) one denotes the

space of all real continuous compactly supported functions on 4, having their supports contained in 4. If Y is an ordered vector
space, then Y, denotes the positive cone of Y. The next polynomial approximation result on an unbounded (closed) subset will be

applied in the sequel.
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Lemma 2.4. Let ACR" be an unbounded closed subset, and V an M-determinate positive regular Borel measure on A, with
finite moments of all natural orders. Then for any x € (C(A))4, there exists a sequence (py)m, Pm €Pr. Pm =X, pm —> X

in L}, (A). In particular, we have:

limIA P (D)dv = J'A XB)dv,

R_ is dense in (L, (A))+, and P is dense in L1 (A).

Proof.Let consider the sublattice X — L}, (4) of all function y such that || is dominated by some polynomial p on 4. To prove

the assertions of the statement, it is sufficient to show that for any x € (C((A4))4, we have

O1(x) = inf{‘[ p)dv, p>x, pe P} = j x(t)dv .
A A
Obviously, one has

AOE f x(2) dv @1

A

To prove the converse, we define the linear form
Fo: X9 =P®Sp{x} >R, Fo(p+ax)::J‘A p@®dv+a-Qi(x), peP, acR.

Next we show that F(y is positive on X (). In fact, for a < 0, one has (from the definition of Q1 , which is a sublinear functional

on X)

p+axZO:>p2—ax:>(—a)Q1(x)=Q1(—ax)SIA pOdv = Fy(p+ax)=0.
If a = 0, we infer that

0=01(0) = 0} (ax + (~ax)) < aQj (x) + O (~ax) =

J-A pt)dv = 0| (-ax) 2 —-aQ1(x)= Fy(p + ax) 2 0.

Whence, in both possible cases, x( € (X()+ = Fo(x()=0. Since X () contains the space of polynomials functions, which is a
majorizing subspace of X, there exists a linear positive extension F : X — R of F(j(cf. Theorem 3.1.5 below), that is continuous
on Cq(A), with respect to the sup-norm. Therefore, F has a representation by means of a positive Borel regular measure [l on 4,
such that

F(x)= IA HOdy, xeCo(A).

Let peP; be a nonnegative polynomial function. There is a nondecreasing sequence (Xm )m of continuous nonnegative

function with compact support, such that x,, T p, point wise on 4. Positivity of F and Lebesgue dominated convergence theorem
for u yield

|, pav=FoyzswFe) =sw | nOdu=[ pdu pep..

Thanks to Haviland theorem, there exists a positive Borel regular measure A on 4, such that

Ap)=v(p)—u(p) = v(p)=Ap)+u(p), peP.

Since V is assumed to be M-determinate, it follows that
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v(B) = u(B)+ A(B),

for any Borel subset B of A. From this last assertion, approximating each xe(L%,(A))+ by a nondecreasing sequence of

nonnegative simple functions, and also using Lebesgue convergence theorem, one obtains firstly for positive functions, then for
arbitrary V -integrable functions x:

j xdv=j xd,u+j xdA, xeL}/(A).
A A A

In particular, we must have

f xdv =2 F(x) = Fy(x) = Q,(x) (2.2)
A

Now (2.1) and (2.2) conclude the proof.00

Note the polynomials appearing in the preceding lemma 2.4 are nonnegative on 4. However, this does not solve our problem,
because the form of positive (or nonnegative) polynomials on an arbitrary unbounded closed subset 4 is not known. Therefore, the
connection to the polynomials of one variable would be convenient. The next result makes the connection of nonnegative
compactly supported functions of several variables with the sums of products of squares of some other polynomials, in one-
dimensional variable. Precisely, the following result holds.

Lemma 2.5. Let v =v| xvy x---xVv, be a product of nM — determinate positive regular Borel measures on R, with finite

moments of all natural orders. Then we can approximate any nonnegative continuous compactly supported function in
X = LL (R™) by means of sums of tensor products p; ® py ®---® p,,, Dj positive polynomial on the real line, in variable £
j=1...,n.

Proof. If K is the support of a continuous compactly supported nonnegative function f € C, (R™), then
KcKixKyx—xKyp, Kj=prj(K), j=l...n.
Consider a parallelepiped
Sy =la1,b11x---x[ay,by], a; :ianj, bj =supK;, j=1,...n

containing the above Cartesian product of compacts and apply approximation of f on S, by the corresponding Bernstein
polynomials in nv ariables. Namely, the explicit form of the Bernstein polynomials is

B, (N)t,....t,) =
= z z pmkl(tl)"‘pmkn(tn)f(al+(bl_al)%"“’an+(bn_an)%ja

k, €{0,...,m} k,<€{0,...,m}
k/- m—k/-
l,—a; b,—t, ;
' , ty€la;,b;], j=1,...n,

mkj J &

B (f)—>f, m— .

Each term of such a polynomial is a tensor product p; ® pp ®---® p,, of positive polynomials in each variable, on the

projection prj (Sp),j=1,...,n. Extend each p j such that it vanishes outside pl”j(Sn), applying then Luzin’s theorem,
j=L...,n. This procedure does not change the values of p jon K j - One obtains approximation by sums of tensor products of

positive continuous functions with compact support, in each variable ¢ Iz j=1,...,n. The approximating process holds in L
norm, and uniformly on K. Now application of lemma 2.4 to n=1, 4 = R, leads to approximation of each such function in each

separate variable by a dominating (positive) polynomial, in the space LL (R), j=1,...,n.The conclusion follows.O
J
3. ON MARKOV MOMENT PROBLEM

3.1. Introduction and general extension results
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As we have already seen in the Introduction (Section 1), Markov moment problem is an extension type problem for linear
functionals or operators, with two constraints. The present chapter represents a part of Chapter I from [9] (see also the references
therein). It focuses on characterizing or finding sufficient conditions for the existence of a solution of a Markov moment problem.
Sometimes the uniqueness of the solution follows too. To this aim, generalizations of Hahn — Banach type results, polynomial
approximation on some special closed unbounded subsets, Krein — Milman theorem and related results are applied. The main
related extension results can be found in (Olteanu, 1978, 1983, 1991, 1996). We recall the classical formulation of the moment
problem, under the terms of T. Stieltjes, given in 1894-1895 (see the basic book of N.I. Akhiezer for details): find the repartition

of the positive mass on the nonnegative semi-axis, if the moments of arbitrary orders k (£ =0,1,2,...) are given. Precisely, in the

Stieltjes moment problem, a sequence of real numbers (S} )¢ is given and one looks for a nondecreasing real function & (7)

(2=0), which verifies the moment conditions:
*© k
J. thdo =sg (k=0,1,2,...).
0

This is a one dimensional moment problem, on an unbounded interval. Namely, is an interpolation problem with the constraint on
the positivity of the measure do. The existence, the uniqueness and the construction of the solution ¢ are studied. The present
chapter concerns firstly the existence problem. If the interval is replaced by a subset of R™, we have a multidimensional moment
problem. The connection with the positive polynomials and extensions of linear positive functional and operators is quite clear. It
was studied by many authors appearing in the references of the papers and books listed in References (see Section 1). If the
sequence of the real numbers - moments is replaced by a sequence of operators, we have an operator-valued moment problem.
Most of the problems appearing in applications require not only the existence of a positive solution, but also an upper constraint on
the solution. This is the Markov moment problem. The upper constraint on the solution controls its norm, while the lower
constraint is usually the positivity of the solution. Many of these solutions are unique (we have M-determinate Markov moment
problems). One of the most useful earlier results is Lemma of the majorizing subspace (see below). The main problem was to find
necessary and sufficient conditions for the existence of a solution of the interpolation problem, preserving sandwich conditions. In
this general case, the operators involved in the (convex and respectively concave) constraints are defined on arbitrary convex
subsets. Here we recall an answer published firstly in 1991, without losing convexity, but strongly generalizing the classical result.
This answer is based on previous results published in (Olteanu, 1978, 1983) (see below). Parts of these generalizations of the
Hahn-Banach principle are involved in the present work too. Throughout this first part, X will be a real vector space, Y an order-
complete vector lattice, 4, B < X convex subsets, W: A — Y a concave operator, T: B = Y a convex operator, S € X a vector

subspace, f:S — Ya linear operator.

Theorem 3.1.1. Assume that:

flsnazWisna. flsnB=<TlIsna-
The following assertions are equivalent:

(a) there exists a linear extension F:X — Y of the operator f'such that F|, = W,F|g < T;
(b) there exists T : A —> Y convex and W| : B =Y concave operator such that for all
(p,t,A',a1,a',b1,b',v) e [0,1]2 % (0,00) x A2 X 32 xS,

one has

(1=t)ay —tb] =v + A'[(1- p)a'—pb'] =
(=0T (a1 )- W1 (b)) = f(v) + A'[(1 = p)W (a') = pT(B")].

Thus in the last relation, we have a convex operator in the left hand side, and a concave operator in the right hand side. The
following result related to the theorem of H. Bauer follows.

Theorem 3.1.2. Let X be a preordered vector space with its positive cone X 1, Y an order complete vector lattice, T: X - Y a

convex operator, S < X a vector subspace, f:S—Y a linear positive operator. The following assertions are equivalent:

(a) there exists a linear positive extension F: X — Y off such that F(x)<T(x), Vxe X ;
®) f(s)<T(x) forall (s,x)eSxX suchthat s < x .

Now we can deduce the main results on the abstract moment problem.

Theorem 3.1.3. Let X,Y,T: X —Y be as in Theorem 3.1.2, {xj}jej cX, {y]}]ej Y given families. The following

assertions are equivalent:
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(a) There exists a linear positive operator F : X — Y such that

F(xj):yj Vjied, F(x)£T(x)VxeX;
(b) For any finite subset JO c J and any {7\,1-}]-6]0 C R, we have:
Z ﬂjx]' <x= Z ﬂjyj <T(x)
jeJo jeJo
A clearer sandwich-moment problem variant is the following one.

Theorem 3.1.4. Let X,Y, {x] }jej, {)/] }jeJ be as in Theorem 1.3 and F1,Fp € L(X,Y) two linear operators. The following

statements are equivalent:

(a) There exists a linear operator F € L(X,Y) such that

Fx)<F(x)<Fh(x), VxeXy, F(xj)zyj, Vjed;

(b) For any finite subset Jo = J and any {A;} icjo R, we have:
0 JIIEJ0

Z AjXj =02 =91, 91,92 € Xy |= Z Ajyj<F2(92) =~ Fi(o1).
JjeJo JjeJo

The last result of this subsection is an earlier extension result, called Lemma of the majorizing subspace, for positive linear
operators on subspaces in ordered vector spaces (X, X, ), for which the positive cone X, is generating (X = X, — X,). Recall that
in a such an ordered vector space X, a vector subspace S is called a majorizing subspace if for any x € X, there exists s € S such
that x < s.

Theorem 3.1.5.Let X be an ordered vector space whose positive cone is generating, S € X a majorizing vector subspace, Y an
order complete vector lattice, Fy:S = Y a linear positive operator. Then Fy has a linear positive extension F: X — Y at least.

Some of the results of this chapter are applications of the theorems stated above. Most of our proofs involve inequalities. The
results stated below have been published in previous articles or books, recently recalled in (Lemnete-Ninulescu and Olteanu,
2017). The latter book concerns also the connection of the moment problem with operator theory and the complex moment
problem. The reader who is interested in connections of the moment problem with operator theory can study the works (Fuglede,
1983; Lemnete-Ninulescu, 2017; Putinar, 1993; Schmiidgen, 2017; Vasilescu, 2003).

3.2. Polynomial approximation and Markov moment problem

In the sequel, one applies the results of Sections 2 and 3.1 in order to prove the existence and uniqueness theorems for the

solutions of some Markov moment problems on Cartesian products of unbounded intervals (the multidimensional case). The one
dimensional case follows as a consequence.

Let v =v{ xvy x---xv,, ,where v i j=1,...,n are positive Borel regular M-determinate measures on R, with finite moments

of all natural orders. Let
@ j(thesty) =Lt =t n) €N, (thesty) € R
Let X = L}/ (R™), Y be an order complete Banach lattice, and (y j) N a multi-indexed sequence in Y.
J

Theorem 3.2.1. Let F» : X =Y be a positive linear bounded operator. The following statements are equivalent:

(a) there exists a unique bounded linear operator I': X =Y | such that
Flpj)=y;, VjeN",

F'is between zero and F» on the positive cone of X, || F||<| F2 || ;
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(b) for any finite subset Jo — N™ , and any {A;; j € Jo} € R, we have

D Ajpj=0VteR" = Y Ay €Y,

jeJo jeJo
for any finite subsets Jj < N, k=1,...,n and any
{ijk }jkEJk cR, k=1,...n,
one has
D1l A A Ay Yit i+

i1,J1€J1 in>Jn€n

Z Z ﬂ’ilﬂjl ~--ﬂinljnF2(¢i1+j],--',in+jn
i1,j1€J1 insjn€Jn

Proof. We define F{y on the space of polynomials, such that the moment (interpolation) conditions are accomplished. Conditions

(b) say that F{y is positive on the convex cone of all point wise nonnegative polynomials on R” and is dominated by F7 on the
convex cone generated by the tensor products of positive polynomials in each separate variable appearing in lemma 2.5. Such

polynomials are sums of squares of some other polynomials with real coefficients. Hence, the implication (a) = (b) is obvious.
For the converse, let v be a nonnegative continuous compactly supported function defined on R". By the preceding Lemma 2.5,

one approximates y on a hyper parallelepiped S;, containing
pri(support y)x---x pry (support )

by means of the corresponding Bernstein polynomials in # variables, on Sn (Lemma 2.5). Then one approximates i by sums of

tensor products of positive polynomials on R:

k(m)
Pm),j @ ®pmp >V, mo>wo,
j=0

in the space L%, (R™). On the other hand, the linear positive operator F() has a linear positive extension F defined on the space of

all integrable functions with their absolute value dominated on R” by a polynomial (cf. Theorem 3.1.5). This space contains the

space of continuous compactly supported functions. Whence, for any linear positive functional honY, /o F can be represented
by a regular positive Radon measure. Moreover, using (b) and applying Fatou’s lemma, one obtains:

ke(m)
0< h(F(y)) < liminf,,; (h o F) z Pm),j ® @ P |<
j=0
(3.2.1)
k(m)
. n *
lim(ho F)| Y pl,j ®® pyn,j |=hF2w), we(Ce(R™)y, heYy.
m
j=0

Assume that

By)-Fy) el .
Using a separation theorem, it should exist a positive linear continuous functional /# € Y : such that

h(Fy ()~ F(¥)) <0,

that is A(F7 (w) < h(F(y)) . This relation contradicts (3.2.1). The conclusion is that we must have
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FW)<Fy ), ye(Ce(R")y .

Then for an arbitrary compactly supported continuous function g € C.(R") one writes

|F(2)|<F(gT )+ Fa(g ) =Fa(g) =1 F@IIFall-l gl -

Consequently, the operator F is positive and continuous, of norm dominated by || 7 ||, on a dense subspace of L}/ (R™).Ithas a
unique linear extension preserving these properties.O0

Let X = L}/ ([0,00) x -+ x[0,00)) , v = V| x--- X V,, V[, [=1,...,n being positive M —determinate measures on [0, o). Repeating
the proof of Theorem 3.2.1, and using the form of positive polynomials on R, [1] in terms of sums of squares:

(p1(t)) = p121 )+ p122 (t7), t] 20, I=1,...,n), one obtains a similar statement for this case. Under the same assumptions on

Y, and using the same hypothesis and notations, one obtains the following result.
Theorem 3.2.2. Let (yj) N be a sequence in Y. The following statements are equivalent
J

(a) there exists a unique (bounded) linear operator F € B(X,Y) such that F((/)j) =Yj., jeN " F is between zero and F) on
the positive cone of X, || F || <|| F2 || ;

(b) for any finite subset Jo c N and any {/1],] eJo} <R, we have

D 2j0j=0eR = Y 2jyie¥y ;
jeJo jeJo

Jor any finite subsets Jj, <« N, k=1,...,n and any {;ij }jkeJk CcR, k=1,...,n, one has

Dl DD Ay Ay i A Vit 41 eein + i+
i1,j1€J1 insJn€n

Z Z A Ay A A F2 @iyt jr+ g i+ [ (Ugseeeslp) € 0.7,
i1,j1€J1 in,jn€lp

Corollary 3.2.1. Let v be a positive M — determinate regular Borel measure on R (with finite moments of all orders), ¢;(t) =
t/,t ER,j €N, X:=LL(R),Y an order complete Banach lattice, (y]-)]_EN

positive linear operator applying X into Y. The following statements are equivalent:

a sequence of given elements in Y, F, a given bounded

(a) there exists a unique bounded linear operator from X into Y such that the interpolation conditions
F(g;) =y;,j €N
are accomplished, F is between zero and F, on the positive cone of X, ||F|| < ||F,|l;

(b) for any finite subset ], € N and any {Aj}je] c R, one has
0
0< Z Aid yiyy < Z A Fo(@i45)
Lj€Jo ij€Jo

Proof. The implication (a) = (b)is obvious, due to the properties of F, also observing that

2

iLj€Jo Lj€Jo j€Jo
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2 2
Z Aidjyiyy = F Z A0 <F Z%‘Pj = Z A Fa (@145)

iLj€Jo i€Jo i€lo iLj€Jo
The converse implication is a consequence of Theorem 3.2.1, also using the fact that any positive polynomial (with real
coefficients) on the whole real line is a sum of (two) squares of polynomials. Thus, the first implication (b) from Theorem 3.2.1 is
equivalent to the first inequality (b) of the present corollary. This concludes the proof.00

Using a similar remark to that of Corollary 3.2.1, from Theorem 3.2.2 one deduces the following result.

Corollary 3.2.2. Under the same hypotheses and using the same notations, where one replaces R by R,, X:= LL(R,), the
following statements are equivalent:

(a) There exists a unique bounded linear operator from X into Y such that the interpolation conditions
F(g;) =y;,j €N
are accomplished, F is between zero and F, on the positive cone of X, ||F|| < ||F,|l;

(b) For any finite subset |, € N and any {Aj}jej C R, one has
0

0< Z Aidy Yigjar < z A Fo(@isga),1 € 0,13

Lj€Jo Lj€Jo
In the end of this section, one recalls a well-known important example which might stand for the space Y in the previous results.
Let H be an arbitrary complex Hilbert space, A € A a linear (bounded) self-adjoint operator acting on H, (where A is the real
vector space of all self-adjoint operators acting on H). Denote

Y, ={U € A;UA=AULY =Y(A) ={VEY,;UV =VU, VYU €Y,} (3.2.2)

Obviously, Ydefined by (3.2.2) is a commutative real operator algebra. It is also an order complete Banach lattice, endowed with
the usual order relation: U <V © < Uh,h > < <Vh,h >,Vh € H,U,V €Y, and operatorial norm (cf. [5], pp. 303-305).

3.3. Extreme points, Markov moment problem and a related inverse problem

The aim of this Section is to recall some ideas from (Olteanu, 2013; Lemnete-Ninulescu and Olteanu, 2017) (see also the
references therein). One solves truncated moment problems and one points out their connection to the full moment problem. Let us
denote

vi=j1771 tef0,b], jeN\{o}.

Theorem 3.3.1. For a given family of numbers (m] )}}:1 , consider the following statements:
(a) there exists he L™ ([0,b]) such that

b .
0<h(<lae, m; =jJ.O I @ya, =12, n;
(b) for any family of scalars (4; )}]1-:1 ,one has
n n .
Z ljmjﬁz /Ijb] ;
J=1 Jj=1

(c) there exists a Borel subset B such that

-[B j't]_ldt:mj, j=L...,n.

Then (b) = (a) < (c).
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Proof. Let the point (b) be accomplished and assume that

n
> ajtt =y -0 e (0,61, -
j=1

Then integration on [0,b] yields

U . b L b
Z Ab7 < Io 0 (1)dt = Fy (97) = Z Ajmj Sj.o oy (0)dt .
J=1 J=1
Application of Theorem 3.1.4 to F] =0, Fy defined above, leads to the existence of a linear positive form F on ! ([0,56]) such
that

b
Fy jy=mj. j=len FO)<[ yode yed b)) =
+ - b 1
|F(p)|<Flp™)+F(pT)< jo \p(t)|-dr, @< L ([0.5]).

Thus, (b) = (a) is proved. (if the characteristic functions of Borel subsets stand for ¥/, then the conclusion (a) follows by
measure theory arguments). The implication (a) = (c) is a consequence of equality (15.14) [7] (see also Exercise 2.57 [7]). The
set of values for the control function u, namely [—1,1] is replaced by[0,1], the set of values for A, which stands for the control

function u. The extreme points of the positive part of the unit ball of L™ ([0,b]) are the characteristic functions of measurable

sets. The converse is obvious.O

Corollary 3.3.1.Under the equivalent conditions (a), (c) of Theorem 3.3.1, there exist sequences
Mon <Xp <¥2n <X p <<V p<X p<.., neN,
such that the following relations hold

NgE

mj = inf
neN| £
J

k k _
(xj,n_yj,n)’ k=1,...,n .
1

Proof. One uses the fact that any Borel subset is of the form G\ N, where Gisa G 5 set and N is a null set (a set of measure
zero).O

Remark 3.3.1. To approximate the numbers X(; n’ yﬁ‘? n

k-1

one can make use of Fourier approximate expansion of /# with respect to
the orthonormal sequence attached to the functions k¢ via Gram-Schmidt algorithm, also using the values of the moments

m,. . Thus one obtains a smooth approximation h of h, and the intervals of ends Yi.n.x]. are connected components of the

open sets approximating from above subsets of the following form, in the sense of the measures of these sets:

J_ 7y J1t]
; <h .
{t’ 219(”) =hn< 219(”) }

Remark 3.3.2. A similar result to that of Theorem 3.3.1 in several dimensions holds, with the same proof. We state it for the two-
dimensional case.

Theorem 3.3.2. Let (m(jlgj2))13j15n1 be a given family of real numbers, and consider the functions
sJj2snp

11,21 .
l//(jl,jz)(tlaf2)=JIJ2t1]1 téz , 1< jp<np, p=12,(11,12) € K3 =[0,61]x[0,b2] .

Consider the following statements:

(a) there exists a Borel function h, 0 < h(t,tp) <1, such that
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.”Kz W (j1,j2) - M12)ddty =m(jy jyy. 1S jr<np, 1<j3 <np

(b) for any family of scalars V(jl,jz))lﬁjlﬁnl , one has
I<jp<np

N NN PV
Z A j1.72) M(1ai2) < Z )b 0%

1< j1<m 1< j1<m
1<jp<ny 1<jp<ny

(c) there exists a Borel subsets By < Ko such that

”32 V) si)didiy =m(jy jpys 1< jp <np. p=12-

Then (b) =(a) < (c)

Corollary 3.3.2.1f one of the conditions (a), (c) from Theorem 3.3.2 is accomplished, then there exist sequences

Vi <XlLp <. <Vl <X[p <.
Vin <ulp <--.<V[ p<u]p<..., n€N,
such that

Mk, k) = Mfnen yz (xzkﬁ - zkﬁ)(u;ci - ”l,.cﬁ) :

LeEN

Proof. The Borel subset B, is the joint of a G set and a null set. For an open subset D, > B5 , we consider its decomposition

into cells used in the construction of Lebesgue measure. If we determine smooth approximations h of h by means of Gram
Schmidt algorithm for the functions Y(j1.j2) and the given moments M j1,72) via Fourier expansion, then the sequences from

the present corollary can be determined by means of cell-decomposition of the open subsets which approximate (in measure) the
subsets

{(tlatz); m((l)) <h(ty,12) <

m(l) +1
2 P(n) '

2]7(”)

Of course, this way one obtains approximations of these numbers. O

The above statements solve the truncated moment problems and sketch an algorithm for determining numbers
Yln>XLn>Vln-Ul n- The next idea is to solve a full moment problem, by means of passing through the limit, based on a weak

compactness argument. The following theorem proposes such a construction, thanks to Krein - Milman theorem. We state it firstly
in the one dimensional case, although the several dimensional case follows using similar arguments.

Theorem 3.3.3. With the notations from Theorem 3.3.1, let (m} )| > be a sequence of real numbers. Consider the following
Statements:

(a) there exists a Borel function h such that
b
0<h(®)<1 ae, mp = kI tk_lh(t)dt, ke N\ {0},
a
(b) for any natural number n > 1, and any ¢ > 0, there exist nonnegative scalars B j=L...,n, and sequences:

Yl <xj,1<...<yj’[ <x]',[<..., J=1..,nsuch that
o< <, i =i i (xj,l—yj,l) | keN\{0};
= = T

(c) Sor any n € N\ {0}, there exists a Borel subset B,, such that
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my :kj Far, k=10,
By,
(d) for any natural 1 >1 and any {As...s Ay} © R the following relation holds true:

n n
Z Agmy SZ /”Lk(bk —ak).
k=1 k=1

Then(d) = (a) < (b) < (c).

Proof. (a) = (b). One applies Krein - Milman Theorem for the weakly compact subset formed by intersecting the unit ball of

L ([0,b]) with the positive cone of the same space. Then we must have:

n n n
h:li’rqn Z o 7B, :lirrln Z Bixp; | a0, Z aj=1,
J=1 J=1 J=1
_MEp) 1 B;cD;, j=I D
‘]_W])aJE[( _g)ajiaj]y JC J7 _]_ 7-"’n7 J

are suitable chosen open subsets, where the limit is in the weak topology on L”, with respect to the dual pair (L1 ,L); mis the
Lebesgue measure. This leads to:

b n
my :kj K=V ptydr = 1im Z ﬂjj ke Lar
a n j=1 Dj

Since each open subset 1D ; has an at most countable decomposition
D =U Wjxi0),
/

the conclusion (b) follows. For the converse implication, observe that each step function
n
hnFZEZﬂjZDja Dj:LJ by 1xj,0)s J=L.,n
j=1 /

is an element of the positive part of the unit ball in L™ and the latter subset is weakly compact. Let 4 be the (w)— limit of a

subsequence of the sequence (#4,,),,. Then one obtains

b b
mi :1imj i, (t)k-tk_ldt:kj‘ o) -tFLar
n a a

by Lebesgue dominated convergence theorem. Hence (b)=> (a) is proved. The implication (a) = (c) follows from (a) = (c) of
Theorem 3.3.1, since a solution of the full moment problem is a solution of all truncated moment problems. It remains to prove
that (d) = (a). This is a consequence of the implication (b) = (a) of Theorem 3.1.4. If Jy < N\{0} is a finite subset and

{2j3jeJo} < R then the following implications hold true:

-1 1
S i gy ppelh =
Jj€Jo

Y
Z Aj- (b7 —aJ)SI p2dt =F(92) - Fi(p1), F1 =0=
JjeJo ¢

b
Z Aj-mj Sj P2dt = F(92).
Jj€Jo ‘

Application of Theorem 3.1.4 leads to the existence of a linear functional Fon ! ([a,b]) ,verifying
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F(ktk‘l)zmk, k>1, keN,

b 1
0< F(y)< L wdt, Yy e Lk ([a,b]).

Now the conclusion follows by measure theory.O

Remark3.3.3.For the full moment problem, the following algorithm holds in determining (approximating) y GsX g

Step 1. (Approximating the function /).

Let (ey;);>1 be a Hilbert base constructed by the aid of Gram-Schmidt procedure, applied to the system of linearly independent
functions

on)=n-1""1, neN\{0}.

Then for each fixed natural number n > 1, one has:

en:i aS.n)(pJ hen :ia < > i (n)

(n)

where the coefficients a j o are known form the Gram-Schmidt procedure. Hence we can determine each Fourier coefficient of 4,

that is we can approximate h in L2 -norm by a sequence of polynomial functions hn , n>1. Then there exists a subsequence

hkn — h pointwise almost everywhere in [a,b].

Step 2. For each n € N\ {0}, the subsets

+1
f;ﬂfhk (t)<m , p,mj €N,
2P "

can be approximated (in measure) by open subsets. The connected components of these open sets have as end points
approximations of the unknowns y IAEEIAE Using a weakly compactness standard argument, we can obtain /4 as the limit of a

subsequences of (y 5 ), where B,, are as in assertion (c) of Theorem 3.3.3. Considering a suitable open set Dkn - Bkn , from

(a) one obtains:
k-1
mp = Dy k-t dt:z (xllac,l_y}]’f,l)’ Dkn :U ]yn,l’xn,l[ .
n / /

This concludes the last remark.
Note that all results of this section can be adapted to the multidimensional moment problem, with similar proofs.

4. ON THE INVARIANCE OF THE UNIT BALL IN L! SPACES

This section is exclusively based on the last part of [18]. Let ¥ be an order complete Banach lattice. Let X = L}, (4), where A,V
are as in Lemma 2..4,P being the subspace of polynomials on 4. Define the set

S| ={T e B(X,Y); T(p)20VpeX,, |T|<I}.

Theorem 4.1.For a linear operator V : P — Y , the following statements are equivalent

(a) V has a linear positive extension VeST;

(b) There exists T € Sl+ such that0<V(p)<T(p), VpeP; .

Proof. The implication (a) = (b) is obvious: put 7 = Ve S1+ . Then one has

V(p)=V(p)=T(p).V(p)=V(p)>0,vpeP; .
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To prove the converse, consider a linear positive extension V to V, to the subspace of X formed by all functions dominated on A4,
in absolute value, by a polynomial. The latter space contains both the subspace of polynomials and the subspace of continuous
compactly supported functions. The existence of such an extension follows from Theorem 3.1.5 stated above. Lety, py, , m € N

be as in Lemma2.4, where y is continuous and compactly supported. Assume by reduction to absurd that
Ty)-Vy)eY, .

Since the positive cone Y, is closed and convex, a separation Hahn-Banach result implies the existence of a linear positive
functional y % on Y such that

y*(T(w)-V(y) <0,
that is
yETW)<y*V ().

On the other hand, since all the polynomials p,, are majorizing the nonnegative function y , using Fatou’s lemma for the linear

positive functional y *o¥ , which can be represented by a positive measure, the following relations hold true

y*(7 () < liminf (y* o7 )(pyy) = liminf (y* oV )(pyy) < liminf (y*oT)(ppy)
=lim (y*oT)(pm) =y * (T ().
m

Hence we have been leaded to the contradiction
y*TWw)<y*(TW)) .
The conclusion is
Ty)-V(w)eYy ,

that is. 7 (y) < T(y) for all nonnegative continuous compactly supported functions y . Now let ¢ an arbitrary continuous
compactly supported function. Then by the preceding relations, the following inequalities hold too

V(@) |<V(e)<T(pl) .

Since the norm on the Banach lattice Y is solid, we infer that
V@ I<ITlel <lelh -

Hence V is linear, positive, continuous and of norm at most one on the dense subspace of X formed by the continuous compactly

supported functions. By a standard density argument, it has a unique linear extension V to the whole space X, of norm at most
one. This bounded extension is also positive on X, due to the density of positive polynomials in X, (Lemma 2.4). This
concludes the proof.00

Denote
S (X)={T e BL.(X); T(BLx)<Bix},
where X is as above, and §1’ X 1is the closed unit ball in X. Let ¥ : P — X be a linear operator.
Corollary 4.1. The following statements are equivalent
(a) Vhas a linear positive extension Ve S1+ (X);
(b) there exists T e S1+ (X) such that 0<V(p)<T(p), Vpe Py .

Proof. Putin Theorem4.1Y =X = L}, (A) . Then X is an order complete vector lattice (in which any order convergent sequence is
convergent in the norm topology). To prove (b) = (a), one applies the corresponding implication from theorem 4.1. Observe also

that || '[|<1 if and only if 7' (B), x )< B], x .0
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The next goal is to give some characterizations in terms of quadratic forms (when this fact is allowed by the form of positive
polynomials in terms of sums of squares).

Corollary 4.2. Let X = L}, (R), where V is a positive regular M-determinate measure on R (with finite moments of all orders),
X (t)=t/, teR, jeN.Let V:P— X bea linear operator. The following statements are equivalent

(a) V has a linear positive extension VesS 1+ (X);

(b) there exists T e S1+ (X) such that for any finite subset {4 j } jedo < R, the following relations hold

0< z ﬂi/le(xi+j)S z ﬂi/le(xl'+j).
i,jeJgo i,jeJgo

Proof. One applies Corollary 4.1 to X = LL (R), when in Theorem 4.1 one takes n =1, A=R, also using the form of positive
polynomials on the real line, as being sums of squares of some polynomials with real coefficients.O

Corollary 4.3. Let X = L}, ([0,0)), V being a positive regular M- determinate Borel measure on R  , with finite moments of all

orders. Let X "= t), te Ry, jeN . Let Vi P— X be a linear operator. The following statements are equivalent

(a) V has a linear positive extension Ve S1+ (X);
(b) there exists T € S1+ (X) such that for any finite subset {ﬁj }jEJO cR, the following relations hold

0< Z Ai AV (X4 j+1) < Z AiAjT(xi4 j+1), 1€{0,]}.
i,jeJo i,jeJo

Proof. The proof'is similar to that of Corollary 4.2, also using the form of positive polynomials on R . O

As it is well known, in several dimensions, there are positive polynomials which are not sums of squares cf. [2]. However, using
approximation results (Lemma 2.5), the connection with tensor products of positive polynomials in each separate variable holds
true. Let X := L (R™) where v is as in Lemma 2.5,

X (oot =t =Gl in) ENT (2 ty) €RT

Let V:P — X be a linear operator, where P is the subspace of polynomials in n real variables, with real coefficients.

Theorem 4.2. The following statements are equivalent

(a) V has a linear positive extension Ve S1+ X),

(b) 0<V(p), Vp e Py and there exists T € S1+ (X) such that for any finite subset Jj, —c N, k=1,...,n and any

{ljk}jkejk cR, k=1...,n,

one has

Z Z /11.1 ﬂjl ...ﬂin ﬂjn V(xi1+j1’--~’in +/n) <
i1,J1€J1 in>in€Jn

Z z /1,'1/1]'1 "’linljnT(xilﬁlev-win+jn) e |
i1,j1€J1 in.jn€Jn

Corollary 4.4. Let X :L}/ (R™) and Y be a Banach lattice. Assume that T is a linear bounded operator fromX into Y. The
following statements are equivalent

(a) T is a positive linear operator from X into Y;
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(b) Sfor any finite subsets Jj, c N, k=1,...,n and any

{/?,jk}jk eJy cR, k=1,...,n,

the following relation holds

0< > 1l DT A Ay e Rig Ay TGy 4 i i) |
i1,j1€/1 in,jn€Jdnp

Proof. Notice that (b) says that 7 is positive on the convex cone generated by special positive polynomials mentioned in lemma 2.
Consequently, (a) = (b) is obvious. In order to prove the converse, observe that any nonnegative element of X can be
approximated by nonnegative continuous compactly supported functions. Such functions can be approximated by sums of tensor
products of positive polynomials in each separate variable (Lemma 2.5). The conclusion is that any nonnegative function from X

can be approximated in X = L]V (R") by sums of tensor products of squares of polynomials in each separate variable. But on

such special polynomials, 7 admits nonnegative values, following the condition (b). Now the desired conclusion is a consequence
of the continuity of 7. This concludes the proof. O
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