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Stu The bi-quadratic non-homogeneous equation with three unknowns represented by the Diophantine 

equation     422 176446 zyxyxxy   is analyzed for its patterns of non –zero distinct integral 

solutions.  
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INTRODUCTION 
 
The bi-quadratic Diophantine (homogeneous or non-homogeneous) equations offer an unlimited field for research due to their 
variety [1-3]. In particular, one may refer [4-12] for ternary non-homogeneous bi-quadratic equations .This communication 
concerns with an interesting bi-quadratic non-homogeneous equation with three unknowns represented by 

    422 176446 zyxyxxy   for determining its infinitely many non-zero integral solutions. 

 
Method of Analysis 
 
The equation under consideration is 
 

    422 176446 zyxyxxy                                                                                                                                     (1) 

 

Assume that vuyandvux                                                                                                                                          (2) 
 

where 0,  vuandvu   

 
Therefore, (1) becomes 
 

422 1767 zvU                                                                                                                                                                            (3) 

 
Where 
 

23  uU                                                                                                                                                                                        (4) 
 

*Corresponding author: Sivakamasundari, P., 
Guest Lecturer, Department of Mathematics, BDUCC, Lalgudi, Trichy, Tamilnadu, India. 

 
ISSN: 0976-3376 

Asian Journal of Science and Technology 
Vol. 09, Issue, 05, pp.8099-8106, May, 2018 

 

Available Online at http://www.journalajst.com 
 

 

ASIAN JOURNAL OF  
SCIENCE AND TECHNOLOGY  

Article History: 
 

Received 17th February, 2018  
Received in revised form  
20th March, 2018 
Accepted 06th April, 2018 
Published online 30th May, 2018 

Key words:  
 
Bi-quadratic, 
Diophantine 



Five different patterns of solving (3) are illustrated below 
 
Pattern: 1 
 
Assume that 
 

22 7baz                                                                                                                                                                                    (5) 

 

write 176   as 
 

  751751176 ii         

 
Applying the method of factorization in (3), we obtain 
 

        44
7775175177 biabiaiiviUviU   

 
Equating the positive parts on both sides, we get 
 

    477517 biaiviU                                                                                                                                             (6) 

 
 
Expanding the right hand side of (6) and equating the real and imaginary parts, we note that 
 

432234 4998042140 babbabaaU                                                                                                                          (7) 
 

432234 2452821045 babbabaav                                             
 
Comparing (4) and (7), we find that 
 

 24998042140
3

1 432234  babbabaau         

 
Since, our intension is to find integer solutions of the equation (1), we observe that u  is an integer for the following choice of 

banda  

 

1313  BbandAa  

 

Thus, the value of zandvu , are given by 

 

2821134378045361323105849576

2912705625704264604801368122427

2232432

23234





BABABABBB

BABABABAAAAu
 

 

161701032411016198452570410584

1440820813608226812481512648405

2232432

23234





BABABABBB

BABABABAAAAv
 

 

8426369 22  BBAAz                                                                                                                                                
(8) 
 
 

Substituting the values of vandu  in (2), the infinitely many non-zero integral solutions to (1) are exhibited by 
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29818144345615552211683628820160

4352115212096241927682880576432

2232432

23234





BABABABBB

BABABABAAAAx
 

266158764104648018522151201008

147215264393122872817281441872378

2232432

23234





BABABABBB

BABABABAAAAy
 

and (8) 
 
Pattern: 2 
 

Rewrite 176   as 
 

  748748176 ii   

 
Applying the same procedure as explained in pattern 1, we get 
 

 23927843361128
3

1 432234  babbabaau  

 

 432234 196224168324 babbabaav   

 

We examine that, the value of u  is an integer for the following choices of 
 

banda  

 

133  BbandAa  

 
Therefore, we get 
 

13090723024604810584141127056

15687056211682116878410081008216

2232432

23234





BABABABBB

BABABABAAAAu
 

 

1961360825929072158762116810584

2352604818144181446721512864324
2232432

23234





BABABABBB

BABABABAAAAv
 

 

742639 22  BBAz                                                                                                                                                          (9) 
 
In view of (2), the non-trivial integral solutions to (1) are expressed by 
 

66453656163024529270563528

78413104393123931214565041872108

3262268043215120264603528017640

39201008302430241122520144540

2232432

23234

2232432

23234









BABABABBB

BABABABAAAAy

BABABABBB

BABABABAAAAx

 

 
and (9) 
 
Pattern: 3 
 

We write176  as 
 

  713713176 ii   

 
Applying the same procedure as explained in pattern 1, we obtain 
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 26371965462813
3

1 432234  babbabaau  

 
Since our aim is to evaluate integer solutions to (1), we note that the value of u  is an integer when 
 

1313  BbandAa  

 
Thus, we acquire that 
 

901474275610584171992469611592

20165040453652929281656216351

2232432

23234





BABABABBB

BABABABAAAAu
 

 

304340242121944396945367560

2784993631752294848641080151281

2232432

23234





BABABABBB

BABABABAAAAv
 

 

8426369 22  BBAAz                                                                                                                                              
(10) 
 
 

Substituting the values of vandu  in (2), we search out the integral solutions to (1) are pointed out by 

 

39411340496812528132302923219152

4800489627216347766427361296270

214181443456864021168201604032

76814976362882419217925761728432

2232432

23234

2232432

23234









BABABABBB

BABABABAAAAy

BABABABBB

BABABABAAAAx

 

 
and (10) 
 
Pattern: 4 
 
Equation (4) can be written as 
 

4422 167647 zzvU   
 

 2442 16764 vzzU   

 

     vzvzzUzU  2222 44788  

 
The above equation is written in the form as follows 
 

 
 

 
 

 0,
8

47

4

8
2

2

2

2
















zU

vz

vz

zU
 

 
Equating the first and third terms in the above equation, we find that 
 

  0482  vzU                                                                                                                                                       (11) 

 
Similarly, by equating the second and third terms, we get 
 

  072882  vzU                                                                                                                                               (12) 
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Solving (11) and (12) by method of cross multiplication and simplifying, we have 
 

222 7 z                                                                                                                                                                             (13) 

22 56568  U                                                                                                                                                           (14) 

 
22 28164  v                                                                                                                                                          (15) 

 
Using (4) and (14), we discover that 
 

 256568
3

1 22  u                                                                                                                                               (16) 

 
Consider the general solution to the standard equation (13) as 
 

227 sr   
 

rs2  

 
227 srz   

 

Substituting the values of   and in (15) and (16), we have 

 

 21127843368392
3

1 332244  rssrsrsru  

 

 332244 322241684196 rssrsrsrv   

 
we discover that the values of u is an integer when 

 

SsandRr 313   

 
Then, we have 
 

13030242116870566048211689072

78410081008216156870561411210584

332222

234234





RSSRRSRSSRSR

SSSSRRRRu
 

 

196259218144604890721814413608

67215128643242352105842116815876

332222

234234





RSSRRSRSSRSR

SSSSRRRRv
 

 

794263 22  SRRz                                                                                                                                                        (17) 
 

Substituting the values of vandu   in (2), the two parametric integral solution to (1) are exhibited by 

 

3264323024100815120302422680

11225201445403920176403528026460

66561639312131043024393124536

14565041872108784352870565292

332222

234234

332222

234234









RSSRRSRSSRSR

SSSSRRRRy

RSSRRSRSSRSR

SSSSRRRRx

 

 
and (17) 
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Pattern: 5 
 
Rewrite (4) as 

4422 71697 zzvU   
 

 2442 7169 vzzU   

 

     vzvzzUzU  2222 71313  

 
This equation is written in the form of ratio as 
 

 
 

 
   0,

13

713
2

2

2

2
















zU

vz

vz

zU
  

 
which is equivalent to the system of double equations 
 

 
 

 0,
13

2

2











vz

zU
 

 

  0132  vzU                                                                                                                                                  (18) 

 
And 
 

 
 

 0,
13

7
2

2











zU

vz
 

 

  077132  vzU                                                                                                                                          (19) 

 
 
Solving (18) and (19) by method of cross multiplication and simplifying, we have 
 

222 7 z                                                                                                                                                                             (20) 

 
22 911413  U                                                                                                                                                          (21) 

 
22 726  v                                                                                                                                                               (22) 

 
In view of (4) and (21), we get 
 

 2911413
3

1 22  u                                                                                                                                              (23) 

 
Employing the general solutions to (20), we note that 

227 sr                                                                                                                                                                                   (24) 
 
 

rs2                                                                                                                                                                                           (25) 

 
227 srz                                                          (26) 

 
using (24) and (25) in (22) and (23), we get 
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 22819654613637
3

1 332244  rssrsrsru  

 
332244 523644249 rssrsrsrv   

We scrutinize that, the values of  vandu   are integers when 

 

1313  SsandRr  

 

On substituting these values, we get the values of  zandvu ,  as follows 

 

907565292504010584453614742

92816562163512016115922469617199

332222

234234





RSSRRSRSSRSR

SSSSRRRRu
 

 

30442122948499361944317523402

864108012`15812784756045363969

332222

234234





RSSRRSRSSRSR

SSSSRRRRv
 

 

8694263 22  sSRRz                                                                                                                                               (27) 
 

Substituting the values of vandu   in (2), the infinitely may non-zero integer solutions to (1) are given by 

 

2143456241921497686403628818144

1792576172843276840322016021168

3944968347764896125282721611340

64273612962704800191522923213230

332222

234234

332222

234234









RSSRRSRSSRSR

SSSSRRRRy

RSSRRSRSSRSR

SSSSRRRRx

 

 
and (27) 
 
Conclusion 
 
In this paper, we find various patterns of non-zero integral solutions to the ternary bi-quadratic equation. In this manner, one can 
evaluate different pattern of non-zero integral solutions to higher degree Diophantine equation with more than three unknowns. 
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