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INTRODUCTION

The concept of domination number was introduced by E.J.Cockayne and S.T.Hedetniemi (1977). The concept of total dominating
set and total domination number of a graph was introduced in E.J.Cockayne ,R.M.Dawes and S.T.Hedetniemi (1980). The concept
of global dominating set and global domination number was introduced by E.Sampathkumar (Jeyalakshmi, 2016). The concept of
total global domination number was discussed in (Kulli, 1996).

In (Jonathan Golan Semirings, ?) Chandramouleeswaran et.al. introduced the concept of Semiring- valued graphs and discussed
several properties. In our paper we introduced the concept of weight dominating vertex set and weight dominating vertex number
for the S-valued graph G> (Jeyalakshmi, 2016). In (Jeyalakshmi, 2017), we have introduced the concept of total weight
dominating vertex set and total weight dominating vertex number for a S-valued graph G>. In this paper, we introduce the concept
of Global weight dominatingvertex set and Total Global weight dominating vertex set. We also define the terms Global weight
dominating vertex number and total Global weight dominating vertex number for G, and obtain some bounds for total Global
weight dominating vertex number of G°.

1. Preliminaries
In this section, we recall some basic definitions that are needed for our work.

Definition 2.1 :[5]A semiring (S,+,-) is an algebraic system with a non-empty set S together with two binary operations + and -
such that

1. (S, +, 0) isamonoid.

2. (S, -) isasemigroup.

3.foralab,ce S, a- (btc)=a-b+a-cand (a+b)-c=a-c+b-c.
40-x=x-0=0VxeS
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Definition 2.2: Let (S, +, -) beasemiring. A canonical Pre-order < in Sisdefined as follows:
fora,be S, azsbifandonlyif, thereexista c e Ssuchthata+c=h.

Definition 2.3: [7] Let G =(V,E) be a given graph with V,E #. For any semiring (S, +, -), a semiring-valued graph (or a S -
valued graph), G°, is defined to be the graph G° = (V, E, o, 1) where o : V — Sand i :E—>Sisdefined to

min c¢ X ,0 ifox Soy oroc <o X
bep(x.y)= y if y y

, for every unordered pair (x,y)of Ec Vx V. Wecdl ¢, a S
otRerwise

vertex set and 1, a S edge set of G°.

Definition: 2.4: Consider the S-valued graph G° = (V, E, o, 1) with V| = n and |E| = m. The complement of Gdenoted by G*=
(V, Ey, o, Y)where o : V — Sandy, :E;—S and E;is the set of edges joining those vertices of G which are not adjacent and
l,bl(el) e Swhere e e El_

Note 2.5: We presume that both G%and the GShave non-empty edge set where GSis the complement of G,

Definition 2.6 : [3] A vertex vin G° issaid to be aweight dominating vertexif o u S o v, V ue Ng[v].

Definition 2.7 : [3] A subset DV issaid to be aweight dominating vertex set of G° if foreachveD,cu S ov, Yue
Ns[V].

Definition 2.8 :[3] If D isaweight dominating vertex set of G®, then the scalar cardinality of D, denoted by |DJs, is defined by
|D|S = ZVEDG V.

Definition 2.9 :[3] The cardinality of the minima weight dominating vertex set DV is called the weight dominating vertex
number of G° . Itisdenoted by ¥i (G%).

That is i (G°) = (IDls, D))
Notation : Consider the S-valued graphG® = (V, E, 5, 1). Denote Vs= o(v; ,v;)/wherei = 123,..nand o(v; S.

Definition 2.10:[4]Consider the S-valued graphG® = (V, E, o, ). Let T§ V. The open neighbourhood of T3, denoted by
Ns T , isdefined by Ns T3 =U, sNs v .

Definition 2.11:[4]Consider the S-valued graphG® = (V, E, c, ). Let T35 V. The closed neighbourhood of Tj, denoted by
Ns[T5], is defined by Ng[T] = U, 18 Ns[v]

Definition 2.12 : Consider the S-valued graphG®= (V, E, 5, ¥). Let TS V. Foranyv T; The private neighbour set of v with
respect to Tj, denoted by PNg[v, T3], isdefined by PNs[v, T3] = Ns[v] -Ns[T5 - {v}].

Definition 2.13:[4] LetT; Vbe a weight dominating vertex set. If Ng[T5] = Vs, then T is called a total weight dominating
vertex set of G°.

3. Global weight dominating vertex set on S-valued graphs

In this section, we introduce the notion of Global weight dominating vertex set on S-valued graphs and prove some simple
properties.

Definition 3.1: Consider the S-valued graph G®= (V,E,o,). A weight dominating vertex set DV of G®is a global weight
dominating vertex set of the S-valued graph G®if DV is also aweight dominating vertex set of G*. It is denoted by GD®.

Example 3.2: Let (S={0,a,b,c},+,) beasemiring with the following Cayley tables:

+ Ola|bj|c Ola|b|c
0O |0|a|b]|c 0/0|]0|0]|O0
ala|b|c]|c a|0|la|b]c
b|b|c|c|c b|O0O|b|c|c
C c|lc|c|c c|O0O|jc|c|c

Let < beacanonical pre-order in S, given by

0<0,0230%h,0=2c,agab=sbb=<ac=zcc=zac=sh.
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Consider the S-valued graph G*:

v (@)

u?{b) > vs{C]
v (@) o = v (€)
where 0 : V - S is defined by
0(vy) = 0(vas) =a;0(vo) =banda(vy) =a(vs)=cand Y : E - S by
W(V2,vs) = b W(va,vs) = ¢ andP(vy,va) = W(Va,Vs) = Y(Va,Va) = P(V3,Va) = P(V3,Va) = @
Here D = {v4(c),vs(c)} isaweight dominating vertex set of G,
Consider the complement of GSthat is G
v, (@) = v ()
A a
[ &
v_(b) b v ()
v_(a)
3
E 5

Here D = {v4(c),vs(c)} isalso aweight dominating vertex set of G*.
Hence D = {v4(c),vs(c)} isagloba weight dominating vertex set of G°.

Definition 3.3: If GD®is a global weight dominating vertex set of G, then the scalar cardinality of GD, denoted by |GD%s, is
defined by|GD%s= 3 G5OV .

Definition 3.4: A subset GD® V issaid to be aminimal globa weight dominating vertex set of G¥if

1. GD®isaglobal weight dominating vertex set.
2. No proper subset of GDis aglobal weight dominating vertex set.

Definition 3.5: The cardinality of the minimal global weight dominating vertex set GD® V is called the global weight
domination vertex number of G®. It is denoted by. That is,

Vops(G) = 16D%]5,16D%]
whereGD® isaminimal total weight dominating vertex set of G°.

From the above example y;,s(G) = |6D°|5,1GD®| = (c+¢,2) = (c.2).
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Theorem 3.6: A dominating set D of G®is global weight dominating vertex set if and only if for eachu V - D, there exista v
D such that v is not adjacent to uin G°.

Proof: Consider the S-valued graph G°= (V,E,o,U).

LetD V beaweight dominating vertex set of G°.

Thatis, foreachveD,c u < o v, VUue Ng[v].

If D isaglobal weight dominating vertex set then D dominates the S-valued graph GS.

Assumethat, foreachu V - Dthereexistav D suchthat uand v are adjacent in G°.

Then u and v are not adjacent in GS. Hence v cannot dominate u in G°. Thus D cannot be a weight dominating vertex set for

GS. This contradicts the assumption that D is a global weight dominating vertex set of G%. Hence for eachu  V - D, there exist a
v D suchthat v isnot adjacent to u in G°. Retracing the steps we get the converse.

Theorem 3.7: For any S-valued graph GSwith p vertices y2,s(G%) = (2, yo v ,p) if and only if G= kj or k.
Proof:
Consider G°= k3 .
Let GD°be aminimal global weight dominating vertex set.
GD®is aminimal weight dominating vertex set for both GSand G°,
Suppose ¥5,s(G) = (3, vo v ,p) and Goisneitherkgor k.
Since G®= kj , any vertex in GSwill dominate all other verticesin G°.

That is GD®= {(v,0(v)}. However GD®is aminimal weight dominating vertex set for GSwhich hasp isolated verticesinE s= 9.
Therefore GD®will include all the p vertices. Thus, ¥;,s(G%) = (2, yo v ,p) forc v S

For G°= k;_f the proof is analogous.

Onthe otherhand, if ¥;,s(G) = (X, yo v ,p) trivialy G5= ki Otherwise G%contains k7 . As a subgraph, then minimum
weight domination number is p and there may be other vertices not in k3 which has to be included in the weight dominating
vertex set.

Contradicting the value of ~ y2s(G9).

Then G®has atleast one edge uv and a vertex w not adjacent to v.

Then V- {(v,0(v))} is a global weight dominating vertex set of G°and ygDS(GS)S(ZU yo vV ,p— 1) whichisacontradiction.
Hence G°=kj or kj .

Theorem 3.8: Let G®be a S-valued graph such that neither G°norGShave an S- isolated vertex then ¥ (G¥) = y2,s(G9)

Proof :

Consider the S-valued graph G°= (V,E,o,).

Let GD® V beaminimal global weight dominating vertex set of G°.

Veps(G) = 1GDS|s,IGDS] (1)

Then GDSisaminimal weight dominating vertex set for GSand G°. Since GDSis aminimal weight dominating vertex set of G°,
then

v (G5)= |GDS|s, |GDS] e, )
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Comparing (1) and (2) we get, ¥; (G°) = v ,s(G).

4. Total Global weight dominating vertex number on S-valued graphs

In this section, we introduce the notion of Total global weight dominating vertex set and total global weight dominating vertex
number. By an example we prove that a graph may have a total weight dominating vertex set but not a total global weight
dominating vertex set.

Definition 4.1: Consider the S-valued graph G®= (V,E,o,)). A total weight dominating vertex set Tp®> V of G isatota global
weight dominating vertex set of a S-valued graph G®if T,®  V isaso atotal weight dominating vertex set of i/ 5.1t is denoted by
TGD.

Definition 4.2: IfTGD® is a total global weight dominating vertex set of G®, then the scalar cardinality of TGD®, denoted by
[TGDSs, is defined by[TGD®ls= ¥, 76ps o (V).

Definition 4.3: A subset TGD® V issaid to be aminimal global weight dominating vertex set of G® if

1. TGD®is atotal global weight dominating vertex set.
2. No proper subset of TGDis atotal global weight dominating vertex set.

Definition 4.4: The cardinality of the minimal total global weight dominating vertex set TGD® V is called the total global
weight domination vertex number of G°. Itis denoted by  y7,,,s(G).

That is,
Yreps(GY) = (ITGDs,[TGDT)

Note : We note that i/ (G%)and ¥;,s(G") are defined for any S-valued graph G°while y3. s(G® is only defined for G®with

< = S
85(G®) = 1 and y,,,s(G® isonly defined for G° with 35(G®) = 1 and ds(G) =1 where 34(GS) is the minimum degree of GS.
Remark 4.5: A weight dominating vertex set in G° need not be, in general, a global weight dominating vertex set of G° ,also a
total weight dominating vertex set need not be, in general, atotal global weight dominating vertex set are as seen in the following
example.
Consider the semiring with canonical pre-order asgivenin Example 3.2.
Consider the following S-valued graph GSand’' 5.

InG®and 'S, D = {vy(c),vs(c)} isaweight dominating vertex set of G®but not for ./'S,

Hence D is not a global weight dominating vertex set of G°. Also D = {v,(c),vs(c)} isatotal wight dominating vertex set of G°but
not for /'S, Hence D is not atotal global weight dominating vertex set of G,

\.rl{c) -:4(!::
\.rl () . ';4{bi
[ O
3
s
G . ’ s
uztc} 2 "1‘5)

3 v_(z) v_lal
2 3

Remark 4.6: We also observe that there do exist, a weight dominating vertex set which is a global weight dominating vertex set
but not atotal weight dominating vertex set.

Remark 4.7: There do exist a total weight dominating vertex set which is both weight dominating vertex set as well as global
weight dominating vertex set but not a total global weight dominating vertex set of G°.

For example, Consider the S-valued graph G®and the semiring with canonical pre-order as given in Example 3.2 as follows.



5839 Asian Journal of Science and Technology Vol. 08, | ssue, 09, pp.5834-5839, September, 2017

vl(c)

Vo le)

vE(h)

v led

Ua(C)

Here D = {v4(c),v4(C)} isaweight domi nafi ng vertex set which is also a global weight dominating vertex set but not atotal weight
dominating vertex set and Tp® = {Vvi(C),va(C),va(C),va(C),vs(C)} is total weight dominating vertex set which is both weight
dominating vertex set and global weight dominating vertex set.

Remark 4.8: A total weight dominating vertex set which is also atotal global weight dominating vertex set. However we observe
that to obtain a total globa weight dominating vertex set we need to add few more vertices to a minimal total weight dominating
vertex set of G® as seen in the following example.

\.rl(c)

v (c)

“h

v (o)

v ()

v,lel \.rs(a)

Consider Tp® = {v1(C),va(C),va(C),va(C),Ve(C),v7(C)} is a total weight dominating vertex set which is also a total global weight
dominating vertex set of G°.
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