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INTRODUCTION
Sedghi, Shobe and Aliouche [2] have introduced S-metric spaces as a generalization of metric space as follows:

Definition ([2]. Definition 2.1) Let X be a non empty set. A S-metric on X is a function S: X3 — [0,0) satisfying the conditions
given below for each X,y,z,a € X :

(@) S(x,y,2) =0
(b) S(x,y,z) = 0ifand only if x =y = z.
(©Sxy,z) < S(x,x,a) +S(y,y,a) +5(z,2,a).
A set X equipped with a S-metric on it is called a S-metric space and it is denoted by (X, S).
1.2 Examples
(i) Let (X, d) be a metric space. Define Sg: X3 = [0, ) by
Sa % y,z) =d(x,2z) + d(y,z) + d(x,y) for x,y,z € X and verify that (X, Sy ) is a S-metric space.
(ii) Let X, = [0,1)and S: X3 — [0, ) be defined by S(x,y,z) = |x z|+|y 1z| forxy,z€ X,.

Then (X, S) is a S-metric space. For other examples see [2].
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The definition and basic results given below, proved in [2], are needed in our discussion:
Let (X,S) be a S-metric space and {x,} be a sequence in it.

(1.3) If there is a x €X such that to each € > 0 there is a natural number n, with S(x,, x,,X) < € for all n> ng, then {x,} is said
to converge to x in (X, S) ; and write X, = xasn — oo or lim,_,, X, = X. ([2], Definition 2.8 (3)).

(1.4) If to each € > 0 there is a natural number ny such that S(x,, X,,Xn) < € forall m >n =n, then {x,} is said to be a
Cauchy sequence in (X, S) . ([2], Definition 2.8 (4)).

(1.5) If {x,} converges to x in (X, S) then x is unique. ([2].Lemma 2.10)

(1.6) If {x,} converges in (X, S) then {x,} is a Cauchy sequence. ([2].Lemma 2.11)

(1.7) (X, S) is said to be Complete if every Cauchy sequence in it converges to a point in X . ([2], Definition 2.8(5)).
(1.8) S(x,x,y) = S(y,y,x) for all x,y € X ([2], Lemma 2.5)

(1.9If {x,}and {y,} are sequences in X converging respectively to x and y then limy e Sy, Xn,¥n) = S xy) (121,
Lemma 2.11) .

Recently the authors [3] have introduced a weak S-metric p on a S-metric space as follows:
1.10. Definition: Suppose (X, S) is a S-metric space. A weak S-metric on X is a function p: X3 — [0, ) such that

@) p(x,y,2) < p(a,a,x) +p(a,ay) +p(aaz) forall xy,za€X

(b) for each x € X the function, p(x,%,.):X — [0,00) is continuous on X. That is, for every sequence {y,} inX with
lim, o yn =y we have p(x,x,y) = lim,_ p(x, X, y,).

(c") to each €> 0 there is a § > O such that p(a,a,x) < §,p(a,a,y) < dand p(a,a,z) <&  for some a € X imply that
Sx,y,z) <E€E.

Exanpl es

(i) Suppose (X,S) is a S-metric space. If p: X3 - [0,) is defined by p(x,y,z) =S(x,y,z) for X,y,z € X then p is a weak S-
metric on X. That is , every S-metric on a set X is a weak S-metric on it.

(i1)

(ii) Suppose (Xo, S) be the S-metric space given in Example 1.2(ii) . Define p: X, — [0,00) by p(x,y,z) = y+2z for x,y,z € X,,
and it can be verified that p is a weak S —metric on X|,.

1.12 Remark. If pis a weak S-metric on a S-metric space (X, S) then p(x,y,z) = 0 need not imply x=y =z ; and that p (%, X,X)
need not be zero. Also p (%,%,y) and p (y,y, X) need not be equal for all x,y € X (in contrast to (1.8)).

For instance , note that p(a, 0,0) = 0 for all a € X, in Example 1.11(ii).
1.13.Definition.
Let , =[0,0) and A be the class of all functions a: 3 —  satisfying the conditions

(i) ais continuous .3 ( with respect to the Euclidean metric on  ,*)

(i) a < a(a,b,b)ora < a(b,a,b)ora < a(b,b,a) foralla,b € , impliesa < kb
for some k € [0,1)

1.14 Examples

() Ifa(u,v,w) =Luforu,vywe€ ,,where0<SL <1lthena €A

If a(u,v,w) = k(v +w) foru,vyw € ,,where 0< k < %then a €A

(iii) If a(u, v,w) = k max {v,w} foru,v,w € ,,where0< k < 1thena €A
(iv) Ifa(u,v,w)=au+bv+cw foruvyvwe ,wherea+b+c<1,a=0,b=0,c=>0thena €A.

The class A was first considered by Akram,Zafar and Siddique[1] to define a class of contractions on a metric space called 4-
contractions. They proved that several known contractions are all A-contractions for suitably chosen ¢ € A. Now using the class
A we define a class of pairs of self maps on a S-metric space equipped with a weak S —metric .

1.15 Definition: Suppose (X,S) is a S-metric space and p is a weak S-metric on X .If an ordered pair (F,G) of self maps of X is
such that (1.15)" p(Fx, Fy, Gz) < a(p(x,%,¥), p(Fx, Fx,x), p(Gy, Gy,y)) for all x,y € X holds for some
a € A then we write (F,G) € {,”.
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For example, if fis a self maps of (X, S) and « is the function defined in Example 1.14(i) ,then (f, f ) € {,” is equivalent to
(1.16) S(fx, fx, fy) < L S(x,x,y) for all X,y € X holds, where 0 < L < 1. Observe that any f satisfying (1.16) is called a
Contraction in [2] (Definition 2.13).

1.17 Remark: 1f the weak S —metric p on a S-metric space (X, S) is such that p(x,x,y) =p(y,y,x) for all x,y € X then it is easy to
see that(F,G) € Z;ap < (G,F) e Cap. In particular ,if p = S',another S-metric on (X, S) then ,in view of (1.8) for S', ,it follows

(F.G)€ &* © (G, € &
The following lemma proved in [3] is required for our discussion.
1.18 Lemma

Suppose (X,S) is a S-metric space and p is a weak S-metric on it .Suppose {x,} is a sequence in X ; {a,} and {B,} are
sequences in  , such that lim_,, 0, = lim,,,, B, =0; and x,y,z € X. Then

(1) p(Xn, X, X) < anand p(Xp, Xy, y) < B foralln>1 imply x =y .In particular , p(z,z,x) = p(z,2,y) = 0 imply x=y.
)p(xn, Xp, Xm) < ap forallm>n> 1 implies {x,} is a Cauchy sequence in(X, S).

In this paper we prove two common fixed point theorems for members of Cap of a complete S-metric space with a weak S-metric
onit.

Common fixed point theorems

In this section we prove two common fixed point theorems for self maps of a complete S-metric space with a weak S-metric on it.
2.1 Theorem : Suppose (X.S) is a complete S —metric space with a weak S-metric p defined on it satisfying

(2.1)'S(x,y,z) < p(x,xy) forall x,y € X.

Suppose fand g are self maps of X such that

(2.1)" gis continuous on (X, S)

And

(21)" (f,g)e ¢ Pand(g,fH e (P forsomea €A.
Then

(i) for any x, € X ,the sequence {x,},=;" defined forn>1 by x, = fx,_; orgx,_; according as n is even or odd , converges to
apoint z € X ,provided lim,,_,o p( Xy, Xp, X,) = 0

And

(iii) z is the unique common fixed point for fand g provided p(z, z, z)=0.

Proof:

In view of (2.1)" we have an a € A such that

(2.2) p(fx, fx, gy) < a( p(x,x,y), p(fx, X, x), p(gy, gy, y)) for all x,y € X

and

(2.3) p(gx, g%, fy) < o( p(x,%,y), p(gx, gx,x), p(fy, fy,y) for all x,y € XLet x, € X and {x,},-;" be defined by

{fxn_l, if nis even
Xy = e
n gx,_4,if nis odd

be such that
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(2.4) limy_,e p(Xp, X, Xn) =0
Write A, =p(Xp+1, Xn+1, Xn) for n > 1 and also A, = P, or Q, according as n is odd or even.

If n is odd, then, by (2.2), B, = p(Xn+1, Xn+1, Xn) = P(fXp, X4, 8Xn-1)
< a( p(Xn, Xn, Xn-1), P(fXp, fXp, Xp), P(€Xn-1, 8Xn-1, Xn-1))
= (1( p(Xn' Xn» Xn—l)' p(Xn+1' Xn+1» Xn)' p(Xn' Xn» Xn—l))

=0 (Qn-1,Pn, Qn-1),

so that ,by (ii) of Definition 1.13, we get P, < k;Q,_; for some k; € [0,1)
and if n is even then , by (2.3),

Qn = p(Xn+1'Xn+1' Xn) = p(an,an ) an—l)
= (1( p(Xn' Xn» Xn—l)' p(an, 8Xn» Xn): p(fxn—lr an—l' Xn—l))
=a (p(xn,xn' Xn—l)' p(xn+1' Xn+1» Xn)' p(Xn,Xn' Xn—l))
=a (Pn—l,Qnr Pho1),

which gives again by (ii) of Definition 1.13 that Q,, < k, P,_, for some k, € [0,1).

Therefore if k = max (k;, k;) thenP, < kQ,_j;and Q, < kP,_; so that P, < k?P,_, and Q, < k*Q,_, ; and hence
Ap < k?p(Xp_1Xn_1,Xn_z) = k? Ay_, for n > 1. On repeated use of this inequality we find that

(2.5) Ay < k"p(x1X1,Xo) or K'p(Xo, XoX;) according as n is even or odd.
Since 0< k < 1, it follows from (2.5) that
2.6)lim,_,, A,=0

Now ,by (a) of Definition 1.10,we have

2.7 pxxy) <2p(aax) +paay)forxya €X

Therefore for any m=n +r >n = 1, we get by (2.7)

P(Xn, Xn, Xm) < 2 P(Xnt1 Xn41, Xn) + PKns 1) Xnt 1) Xm)
=2 An + p(Xn+1: Xn+1rxm)s

which as repeated use gives ,

p(Xn'Xn' Xm) <2 An + p(Xn+1'Xn+1' Xm) <2 An +2 An+1 + p(Xn+2'Xn+2'Xm) = = Z(An + An+1 + '+An+r—1) +
p(ererXm)

Thatis,form = n4+r > n >1,
(2.8) p(Xn, Xp, Xm) < 0 Where @, = 2(Ap + Apyr + - +HAny) + D0, X, X))

In view of (2.6) and (2.4) we have o, — 0asn — . Therefore by (ii)) of Lemma 1.18,(2.8) gives that {x,} is a Cauchy
sequence in (X, S). Since (X, S) is complete there is a z € X such that {x,,} converges to z. That is ,
(2.9) limy_,,, S(Xp, , Xp, 2)=0, proving the first part of the theorem.

To prove part (ii) suppose z € X is such that p(z, z, z) =0.
First of all , a particular case of (2.9),(1.9) and ( 2.1) "give

0=limy, ., S(X2n+1,, X2n+1, 2)= limy o, S(8Xan, , 8Xon, 2)
=S(limgx,,, limgx,,, z)
n—-oo n—-oo
= 5(g(limx,p), g(limxzp), 2)

=S(gz,g7,7)

from which it follows that gz = z.That is, z is a fixed point of g . By (2.2), we have

p(fz, fz,z) = p(fz, fz, gz) < o (p(z, z 2),p(fz,fz,z), p(gz, gz, 7))
=0 (p(z z12),p(fz,1z,2),p(z 272))

so that p(fz, fz,z) < kp(z,z z) for some ke [0,1);

and since p(z,z,z) = 0 it follows p(fz, fz,z) = 0.
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Hence ,by (2.1),S(fz, fz,z) = 0 giving fz = z.

Thus z is a common fixed point of f and g.

To prove the uniqueness of z , assume u € Xis such that fu= gu =u.
Again ,by (2.2) ,we get

P(u,u,u) = p(fu,fu,gu) < (x(p(u, u, u), p(fu, fu, u), p(gu, gu, u))

= a(p(u, u,u), p(u, u, w), p(u, u, u))
so that p(u,u,u) < kp(u,u,u) for some k € [0,1) and this is possible only if p(u,u,u) = 0.

Now p(u,u,z) = p(fu,fu,gz) < a(p(u, u, z), p(fu, fu, u). p(gz, gz, z))
= (x(p(u, u,z),p(u,u,u),p(zz z))
= a(p(u,u,z),0,0)

and hence p(u,u,z) < k.0 = 0 giving p(u,u,z) = 0.

Thus if u and z are two common fixed points of f and g then p(u, u,u) = p(u,u,z) = 0 giving u = z ,by (i) of Lemma 1.18 .
In the case p(x,y,z) = S'(x,y,z) for x,y,z € Xwhere S’ is another S-metric on X, the conditions in (i) and (ii) of the theorem
hold; and also in view of Remark 1.17 we can restate this theorem as follows :

2.10 Theorem .

Suppose (X, S) is a complete S-metric space and S’ is another S-metric on X such that
(2.10)" S(x,xy) <S'(x,x,y) forall x,y € X.

If fand g are self maps of X such that

(2.10)" g is continuous on(X, S)
and if there is an a € A for which
(2.10)""S' (fx, fx, gy) < a (S'(x,y,2),S'(fx, fx,x), S (gy, gy, y)) forall x,y € X.

Then for any x, € X, the sequence {x,} defined forn > 1, by x,, = fx,_; or g x,_; according as n is even or odd, converges to
z € X which is the common fixed point of f and g.

2.11 Corollary (Theorem 7 of [1]) Suppose (X, d) is a complete metric space and § is another metric on X such that

(2.11)" d(xy) <d(xy) forallx,y € X.
If f and g are self maps of X such that

(2.11)" g is continuous on(X, d)
and there is an a € A such that
(2.11)"" 8(fx, gy) < a (8(x,y),8(fx,x),6(gy,y)) forall x,y € X.

Then to each x, € X , the sequence {x,,} defined forn > 1, by x, = fx,_; or gx,,_; according as n is even or odd, converges to
the unique common fixed point z of f and g.

Proof :

Define S and S’ on X3 by S(x,y,z) = d(xz) +d(y,z) and S' (x,y,z) = 8(x,z) + 8 (y,z) for allx,y ,z € X .Then (X,S) is a
S-metric space and S’ is another S-metric on X. Also since S(x,x,y) = 2d(x,y) and S'(x,%x,y) = 23(x,y) , it follows(2.11)’
implies(2.10)" ; (2.11)" gives (2.10)" and (2.11)""'is equivalent to(2.10)""" in the S-metric space (X, S) . Therefore ,by

Theorem 2.10 ,z is the unique common fixed point of fand g.

Now we prove the following

2.12 Theorem
Suppose (X.S) is a complete S —metric space and p is a weak S-metric on it such that p(x,x,y) = p(y,y,x) for all x,y € X and
p(x,%,.): X — [0,) is continuous on X for each x € X.

If {f,} is a sequence of self maps of X for which there is an a € A such that

(fi.f;) € P forany i# jthen
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(i) for any x, € X the sequence {x,,} * _, defined by x, = fx,_; converges to a point z € X, provided limp_e P(Xy, Xp, X)) =0
and also
(ii) any such z € X with p(z,z,z) = 0 is the unique common fixed point of the sequence {f;}.

Proof: By the hypothesis, for any i # j,

(2.13) p((fix, fix, fiy) < a(p(x,x,y), p(fix fix, x), p(f]-y,f]-y, y)) forallx,y € X.

Let xo € X and let x, = f,x,_; forn = 1 be such that

(2.14) lim,_ e p(Xp, Xp, X,) = 0.

Write A, = p(Xp+1, Xn+1, Xp) forn = 0.

Then Ap = p(fy+1Xn fa+1Xn, foXn-1)
= (x(p(xn, Xn» Xn—l)' p(fn+1xn' fn+1Xn' Xn)' p(fnxn—ll ann—l' Xn—l)
= U'( p(Xn! Xn, Xn—l)l p(Xn+1' Xn+1/ Xn)' p(Xn! Xn, Xn—l))
=a ( An—l' AnlAn—l)a

so that by (ii) of Definition 1.13, A, <k A,_; for some k € [0,1) ,which on repeated use gives

(2.15) A, <kA, ; <k*A,, < < k" A,
and since 0< k < 1, (2.15) gives
(2.16) lim,_,,, A,=0 .

Nowifm = n +r >n =1 then as in the proof of Theorem 2.1 we have

DXy Xy Xm) < 2(An + Apyr + - HAnpr1) + DX, Xom, X)) =apand

since o, = 0asn — o (in view of (2.13) and (2.16)),it follows from (ii) of Lemma 1.18 ,that {x,} is a Cauchy sequence in
(X,S). Since (X,S) is complete there is a z €X such that lim,,_,,, x,=z in (X, S) , proving part (i) of the theorem.

To prove part (ii) suppose z €X is such that p(z, z,z) = 0. Fix a natural number n . By(2.7),we have for m > n,

(2~17) p(( %7, fnZ) <2 p(Xm+1'Xm+1' Z) + p(Xm+1'Xm+1' fnz))

=2PpEm+1, Xm+1,Z2) + P(ms1Xm) fns1Xm) fnZ)
< 2 p(Xm+1' Xm+1» Z) +a (p(Xm' Xms Z)' p(Xm+1' Xm+1s Xm)' p(fnz' fnZ' Z)s

since p(x,X,y) = p(y,y,x) for all X,y € X, by the hypothesis.
Now letting m to oo ,using the continuity of @ as R3 and that of p(z,z.) on X ; and (2.16) in (2.17) we get

p(zzf,2z) <2p(z2z)+ a(p(zz2),0,(p(zzf,z))
=a (0,0,p(z1zf,2)

from which it follows p(z,z,f,z) <k.0 =0 sothatp (z,zf,z) =0.
Thus if z € X is such that p(z,z,z) = 0 then p(z,z, f,,z) =0 .
That is ,p(z,z,f,z) = p(z,zz) = 0 giving f,z = z. Since n is arbitrary z is a common fixed point of the sequence {f,}.
For uniqueness of z, letu € X be such that f,u = uforn>1 .Then for any i # j, we have
p(u,u,u) = p(fiy,fiu, fju) < a(p(u,u,v),p(fiu fiu,u),p(fu, fiu,u))
= a (p(u,u,u), p(w, u,u), p(u, u,u))
sothat p(u,u,u) <kp(u,u,u) forsone k € [0,1) and this is possible only if p(u, u, u) = 0.

Also

p(u,u,z) =p(fiu,fiu,fjz) < a(p(uu,z),p(fiu fiu,u), pfiz iz z))
= a (p(u,u,z), p(u,u,u),p(z212))
=a (p(u,u,z),0,0)
gives p(u,u,z) < k.0 =0 and hence p(u,u,z) = 0.

Thus p(u,u,z) = p(u,u,u) = 0 so that z=u , by (i) of Lemma 1.18, completing the proof of the theorem.
In the case p = S ,the S-metric on X ,the conditions in (i) and (ii) of the theorem as well as the conditions in the hypothesis are
true so that the theorem can be restated in this particular case as follows:
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2.18 Theorem

Suppose (X, S) is a complete S-metric space and {f,} is a sequence of self maps of X such that there isan a € A for which
(2.18) " S(fix, fix, fiy) < a(S(x,x,y), S(fix, fix, x),S(ij, fiy, y)) holds for allx,y € X and for all i # j. Then for any x, € X the
sequence {x,} defined by x, = f,x,_4 forn > 1 converges to a point z € X and this z is the unique common fixed point of the
sequence {f, }.

2.19. Corollary ([1],Theorem 6) Suppose (X,d) is a complete metric space and {f,,} is a sequence of self maps on X such that
there is an a € A for which

(2.19)” d( fix, fjy) < a(d(x,y),d(fix,x), d(ij, y)) for all x,y € X holds for all i # j. Then for any x, € X the sequence {x,,}
defined by x, = f,,x,_1 forn > 1 converges to a point z € X and which is the common fixed point for the sequence {f, }.
Proof: On the lines similar to corollary 2.11.
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