Science 7 Technology

ISSN: 0976-3376

Available Online at http://www.journalajst.com

ASIAN JOURNAL OF
SCIENCE AND TECHNOLOGY

Asian Journal of Science and Technology
Vol.06, Issue, 09, pp. 1802-1806, September, 2015

REVIEW ARTICLE
STRUCTURE OF PO-K-TERNARY IDEALS IN PO-TERNARY SEMIRING

*1Dr. Madhusudhana Rao, D., 2Siva Prasad, P. and 3Srinivasa Rao, G.

1Department of Mathematics, V.S.R. and N.V.R. College, Tenali, A. P. India
2Department of Mathematics, Universal College of Engineering and Technology, Perecherla, Guntur, A. P. India
3Department of Mathematics, Tirumala Engineering College, Narasaraopet, A. P. India

ARTICLE INFO ABSTRACT

Article History:

Received 17" June, 2015

Received in revised form

28™ July, 2015

Accepted 13" August, 2015

Published online 30" September, 2015

ideal.

Key words:

PO-k-ternary ideal,
Full PO-k-ternary ideal,
Additive idempotent,
Additive regular.

Mathematics Subject Classification: 16Y30, 16Y99.

In this paper we introduce the notion of PO-k-ternary ideals, full PO-k-ternary ideal and characterize
PO-k-ternary ideals. We will prove some results about these PO-k-ternary ideals and full PO-k-ternary
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INTRODUCTION

The notion of semiring was introduced by Vandiver, (1934) in
1934. In fact semiring is a generalization of ring. In 1971
Lister, (1971) characterized those additive subgroups of rings
which are closed under the triple ring product and he called
this algebraic system a ternary ring. MadusudhanaRao, Siva
Prasad and Srinivasa Rao, (2015), studied and investigated
some results on partially ordered ternary semiring.

Preliminaries

Definition 2.1[ 6] : A nonempty set T together with a binary
operation called addition and a ternary multiplication denoted
by [ ] is said to be a ternary semiring if T is an additive
commutative semigroup satisfying the following conditions :

i) [[abclde] = [a[bcd]e] = [ab[cde]],

il) [(a + b)ed] = [acd] + [bed],

iii) [a(b + ¢)d] = [abd] + [acd],

iv) [ab(c + d)] = [abc] + [abd] for all a, b, ¢, d; e €ET.

*Corresponding author: Dr. Madhusudhana Rao,
Department of Mathematics, V.S.R. and N.V.R. College, Tenali, A. P.
India

Note 2.2[6]: For the convenience we write X, X,X; instead of

[x1x2x3]

Note 2.3[6]: Let Tbe a ternary semiring. If A, B and C are
three subsets of T, we shall denote the set ABC=
{Zabc:ae A,beB,ceC}.

Note 2.4[6]: Let T be a ternary semiring. If A, B are two
subsets of T, we shall denote the set

A+B={a+b:ac A,beB} and2A={a+a:a€E A}.

Note 2.5[6]: Any semiring can be reduced to a ternary
semiring.

Definition 2.6 [6]: A ternary semiring T is said to be a
partially ordered ternary semiring or simply PO Ternary
SemiringorOrdered Ternary Semiringprovided T is partially
ordered set such that a < b then

(Na+tc<b+candc+ta<c+b,
(2) acd < bed, cad < cbd and cda < cdb for all a, b, ¢, dE T.

Throughout Twill denote as PO-ternary semiring unless
otherwise stated.

Theorem 2.7[6]: Let Tbe a po-ternary semiring and A €T, B
CT and C € T. Then (i) A S(A], (i) ((A]] = (A], (iii)
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(A](B](C] S(ABC] and (iv) A B =A (B] and (v) A SB
=(A] €(B], (vi) (A N B] = (A] N (B], (vii) (A U B] = (A] U
(B].

Definition 2.8 [6]: A nonempty subset A of a PO-ternary
semiring T is a PO-ternary ideal of T provided A is additive
subsemi group of T, ATT < A, TTA € A, TAT € A and (A]
CA.

Theorem 2.9[8] : Let T be a PO-ternary semiring and A, B be
two PO-ternary ideals of T, then the sum of A, B denoted by A
+ B is a PO-ternary ideal of T where A+ B ={x=a+b/a€
A, be B}.

PO-k-Ternary Ideals

In this section we will study a more restricted class of PO-
ternary ideals in a PO-ternary semi ring, which is called PO--
ternary ideals or subtractive, and we introduce some related
results and examples.

Definition3.1: A PO-ternary ideal A of a PO-ternary semi ring
T is said to be PO-k-ternary ideal or subtractive provided for
any two elements € A and x€ T such that a + x€ A =x€ A.

Example 3.2: In any PO-ternary semi ring of the set of real
numbers R, every ideal A is PO-k-ternary ideal, since for any
a€ A, € T such that a+ x€ A then a+ x+ (-a) € A, so x€ A.

Example 3.3: In the semi ring Z" under the operations max
and min, the set [,= {1, 2, 3,...., n} is a PO-ternary k-ideal of
Z'. Since for any element a€ I, and x€ Z" such that g+ x= max
{a, x} € I, implies x€ L.

Example3.4: Consider the PO-ternary semi ring Z(; under the

usual addition, ternary multiplication and natural ordering <,
let A= {-3k/ k€ NU {0}}. Then A is a PO-k-ternary ideal of

Z;.

Definition3.5: Let n, i being integers such that 2 < n, 0 < i<n,
and B (n,i)={0,1,2,3, ....... ,n—1}. We define addition
and ternary multiplication in B (n, i) by the following
equations.

x+y ifx+y <n-1

x+y=1

ifx+y >2n
where /=(x+y)modm, m = n—i,
i <I<n-1.
Sz ifxyz <n-1
['xyZ]_ {l ifxyz > n
where /=(x+y)modm, m =n—i,

i <I<n-1.

Note3.6: The set B (n, i) is a commutative PO-ternary semi
ring under addition, ternary multiplication [ ] as defined in
definition 5.1.5, and natural ordering.

+ 0 1 2 3 4 5 6 7 8 9
0 0 1 2 3 4 5 6 7 8 9
1 1 2 3 4 5 6 7 8 9 7
2 2 3 4 5 6 7 8 9 7 8
3 3 4 5 6 7 8 9 7 8 9
4 4 5 6 7 8 9 7 8 9 7
5 5 6 7 8 9 7 8 9 7 8
6 6 7 8 9 7 8 9 7 8 9
7 7 8 9 7 8 9 7 8 9 7
8 8 9 7 8 9 7 8 9 7 8
9 9 7 8 9 7 8 9 7 8 9
[] 0 I 2 3 4 56 7 89
0 0 0 0 0 0 020 000
1 0 1 2 3 4 56 7 89
2 0 2 4 6 8 79 8709
30 3 6 9 9 99 999
4 0 4 8 9 7 89 789
5 0 5 7 9 8 79 889
6 0 6 9 9 9 99 999
7 0 7 8 9 7 89 789
8 0 8 7 9 8 89 8709
9 0 9 9 9 9 9.9 9 99

Example 3.7: The B (5,2)=1{0, 1,
PO-ternary semi ring such that 0 < 1
operations defined as follows:

2, 3,4} is a commutative
<2 <<3<4 and the

+ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 2
2 2 3 4 2 3
3 3 4 2 3 4
4 4 2 3 4 2
[] 01 2 3 4
0 00 00 0
1 01 23 4
2 02 43 2
303 33 3
4 04 23 4

Then I, = {0, 3} is a PO-k-ternary ideal of B (5, 2). But I, =
{0, 2, 3, 4} is a PO-ternary ideal, but I, is not PO-k-ternary
ideal. Since2 €1,,2+1 €1, butl & L.

Theorem 3.8: In a PO-ternary semi ring T, the set of zeroed Z
(T) is a PO-ternary ideal of T.

Proof: Let a, b€ Z (T), then there exist x€ T such that a + x =
xta=xand b+x=x+b=x. Now(a+b)+x=a+ (b+x)
=q+x=x>a+ beZ (T). Now let s, t€ T. Then stx = st(a +
x) = sta + stx=>sta€ Z(T), sxt=s (a + x) t = sat + sxt=>sat€ 7,
(T) and xst = (a + x)st = ast + xst=>ast€ Z (T).

Therefore Z(T) is a ternary ideal of T.
Suppose that a€ Z (T), x€ T such thatx <a. x<a=>x+a<a—+

a=x+a<a=>x+a=a. Therefore x€ Z (T). Hence Z (T) is a
PO-ternary ideal of T.

Theorem3.9: In a PO-ternary semiring T, the set of zeroed Z

Example3.6: In note 5.1.6, n = 10, i = 7, then we have B (10, 7) %T) is PO-k-ternary ideal of T.
{0, 1, 2, 3,4, 5, 6,7, 8, 9} and natural ordering, the operations

defined as follows:

Proof: By theorem 3.8, Z (T) is a PO-ternary ideal of T. To
show that Z (T) is a PO-k-ternary ideal of T, let t€ T and a€ Z
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(T) such that a + t€ Z (T), therefore there exist
x€ T such that a + ¢t + x = x. But a + y =y for some y€ T.
Then we havex +y=a+t+x+a+y=t+(a+y+ta+x)=t
+(ytat+x)=t+(+x)=t+(x+y). Therefore t€ Z (T) and
hence Z (T) of T is PO-k-ternary ideal of T.

Theorem 3.10: Let T be a PO-ternary semiring and I be a left
PO-ternary ideal of T and A, B be a non-empty subsets of T,
Then (I: A, B)={r€ T :rab€el, for all a€ A, b€ B} is a left
PO-ternary ideal of T.

Proof : Let x, y€ (1 : A, B). Then xab, yab€ 1 for all a€ A and
b€ B. Then xab =s, yab = t for some s, t€ 1. Then s + ¢t = xab
+yab=(x+y)abel = (x+y)€(l:A,B). Let p, g€ T and x€
(I:A,B). x€ (I: A, B)=>xabe . Since I is a left PO-ternary
ideal of T. Hence pq(xab) € 1 = (pgx)abe 1 =pgxe (1: A, B).
Now, suppose that p€ T and x€ (I : A, B) such that p <x. x€
(I: A, B) =xabe 1. p <x=>pab < xab. pab < xab, 1 is a left
PO-ternary ideal of T and hence pab€ I =pe (I : A, B).
Therefore p€ T and x€ (I : A, B) such that p < x=pe (I1: A,
B). Hence (1: A, B) is a left PO-ternary ideal of T.

Theorem 3.11: Let T be a PO-ternary semiring and I be a
lateral PO-ternary ideal of T and A, B be a non-empty subset
of T, Then (I:. A, B) = {re T: arbe 1, for all
a€ A, b€ B} is a lateral PO-ternary ideal of T.

Proof : Let x, y€ (1: A, B). Then axb, ayb€ 1 for all a€ A and
b€ B. Then axb = s, ayb =t for some s, t€ I. Then s + ¢ = axb
+ayb=a(x+y)bel = (x+y)€ (l: A, B). Let p, g€ T and x€
(I:A,B). x€ (I: A, B) >axbe 1. Since | is a lateral PO-
ternary ideal of T. Hence p(axb)q€ 1 =paxbq = apxqb€ 1
=pxq€ (I : A, B). Now, suppose that p€ T and x€ (I : A, B)
such that p <x. x€ (I: A, B) =axbe 1. p <x=apb < axb. apb
< axb, 1 is a lateral PO-ternary ideal of T and hence apb€ 1
=p€ (I: A, B). Therefore p€ T and x€ (I : A, B) such that p <
x=>p€ (1: A, B). Hence (I : A, B) is a lateral PO-ternary ideal
of T.

Theorem 3.12: Let T be a PO-ternary semiring and I be a
right PO-ternary ideal of T and A, B be a non-empty subset of
T, Then (I : A, B) = {r€ T : abr€ 1, for all a€ A, b€ B} is a
right PO-ternary ideal of T.

Proof : Let x, y€ (I1: A, B). Then abr, aby€ 1 for all a€ A and
b€ B. Then abx =s, aby =t for some s, t€ I. Then s + ¢ = abx
+aby=ab(x+y)€El=>(x+y)€(:A,B). Letp, g€ T and x€
(I:A,B). xe(I: A, B)=abx€ 1. Since I is aright PO-ternary
ideal of T. Hence (xab)pg = ab(xpq) € 1 =xpge (1 : A, B).
Now, suppose that p€ T and x€ (I : A, B) such that p <x. x€
(I: A, B) =abx€ 1. p<x=abp <abx. abp <abx,]is aright
PO-ternary ideal of T and hence abp€ 1 =pe (I : A, B).
Therefore p€ T and x€ (I : A, B) such that p <x=p€ (I: A,
B). Hence (I: A, B) is a right PO-ternary ideal of T.

TheoreM3.13: Let T be a PO-ternary semiring and I be a PO-
ternary ideal of T and A, B be a non-empty subset of T, Then
I A, By = {re T: rab, arb, abre 1, for all
a€ A, be B} is a PO-ternary ideal of T.

Proof: By theorems 3.10, 3.11, 3.12, it is easy to verify that (I:
A, B) is a PO-ternary ideal of T.

Theorem3.14: Let T be PO-ternary semiring and I be a PO-£-
ternary ideal of T and A be a non-empty subset of T, then (I:
A,B)={reT:rba,rab, arbe 1, for all a€ A, b€ B} is a PO-
k-ternary ideal of T.

Proof: By theorem 3.13, (I: A, B) is a PO-ternary ideal of T.
Letre (I: A, B), y€ T such that » + y€ (1 : A, B) then rba, arb,
abr€ 1, and (r + y)ba, ab(r + y), a(r + y)b€ 1 for all a€ A, bE
B. Then rba + yba = (r + y)ba€ 1 which is PO-k-ternary ideal.
Hence yba€ L.similarly, abt€ I and aby€ 1. Therefore y€ (I: A,
B). Hence (I : A, B) is a PO-k-ternary ideal of T.

Definition3.15: A PO-ternary semiring T is said to be E-
inverse, provided for every a€ T, there exist x€ T such that a
+x€ E'(T).

Note 3.16: In a PO-ternary semiring T the set of all additive
idempotents E" (T) is not a PO-k-ternary ideal.

Example3.17: Let T = {0, a, b} such that 0 <a < b and define
the addition, ternary multiplication on T as

+
(=]
IS}

S

— > O
—

o > O
Q O
S [SulS S

> O
SO
SO
SO

Then T is a additive inverse PO-ternary semiring under the
operations. Moreover E' (T) = {0, b} is a PO-ternary ideal of
T. Buta+ b= b€ E'(T) and a¢ E'(T) and hence E" (T) is not
PO-k-ternary ideal.

Note3.18: The sum of two PO-k-ternary ideals need not be a
PO-k-ternary ideal.

Example3.19: Consider the PO-ternary semiring of positive

integers with zero Zg under the usual addition and ternary
multiplication. Then 2Z, and 3 Z, are PO-k-ternary ideals
of Zy. But2Z, +3Z; = Z;\ {1} is not a PO-k-ternary
ideal. Indeed 1 +2 =3, where 2,3 €2Z; +3Z;,but1 ¢2
Zy +327;.

Theorem3.20: Let T be a PO-ternary semiring. If A is a PO-
ternary ideal of T such that A =1 U J, where I, J are PO-£-
ternary ideals, then A=1or A =1.

Proof : Since A =1 U], then I CAand ] CA. Now suppose A
#1, and A #], then there exist x, y EAsuch that x €[, x €J, y €],
yé&L butx+y€A=1UJ, sox+y€lorx+yé€l nowifx+y
€l, then y €las lis PO-k-ternary ideal, contradiction. Also if
x + y €Jthen x €Jas Jis PO-k-ternary ideal, contradiction.
Hence A=lor A=1.
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Full Po-K-Ternary ideals

In this section, we will study more restrictions on the po-k-
ternary ideal and the PO-ternary semiring. We study full PO-
k-ternary ideal in additive inversive ternary semirings, so T
denotes an additive inversive ternary semiring.

Definition4.1: A PO-ternary semiring T is said to be
additively regular if for each a€ T, there exists an element a’
€ Tsuchthata=a + a" +a.

Theorem4.2: Let T be a PO-ternary semiring and if a is an

additively regular element of T. Then the element a’ is
unique.

Proof: Assume that b, c are element of T such thata + b +a =
a=atcta,btat+b=bandc+a+c=c. Thenb=b+a+
b=b+tatcta+tb=b+a+bt+ta+tc=b+ta+ec
=ctbta=ctctbtata=c+tctatb+ta=c+cta=

c+a+c=c. Therefore b=c= a".

Definition4.3: A PO-ternary semi ring T is said to be
additively inverse PO-ternary semi ring if for each a€ T, there
exists a unique element b€ T suchthata=a +b +aandb =5
+a+b.

Note4.4: In an additively inverse PO-ternary semi ring the
unique inverse b of an element « is usually denoted by a’ .

Definition4.5: A PO-k-ternary ideal A of a PO-ternary semi
ring T is said to be a full PO-k-ternary ideal provided the set
of all additive idempotent of T, E" (T) contained in A.

Example 4.6: In any PO-ternary ring R every ideal A is a full
PO-k-ternary ideal. Since 0 is the only additive idempotent
element in R which belongs to any PO-ternary ideal A of R.
So A is full PO-k-ternary ideal.

Exampled.7: In Z x Z" = { (a, b): a, b are integers b> 0},

define (a, b) + (¢, d) = (a + ¢, lem (b, d)), [(a, b) (¢, d) (e, )] =
(ace, gcd (b, d, f)) and (a, b) <(c, d)ifa<cand b<d. ThenZ
x Z' is an additive inverse PO-ternary semiring, since for any

(a, b), (c, d), (e, /) EZ X Z"

Additive Commutative

(a,b) + (c,d)=(a+c, lcm (b, d)) =(c+a,lcm (d, b)) = (c, d)
+ (a, b).

Additive Associative

((a b) + (¢ d) + (e /) =(a+c lem (b d) + (e f)
=(((a+c)+e lecm (Icm (b, d), f))
=({a+(c+te),lecm (b, Icm (d, f)))
=(a, b)+((cte) lem (4 f))
=(a, b) +((c. d) * (e, /).

Multiplicative associative: Similarly as additive associative

Distributive

(a, b).(c, d).((e, ) + (&) = (a, b).(c, d). (e + g lem (f, h))

=(a, b).(c.(e + g), gcd (d, lem( [, h)))
= (a.c.(e + 2),gcd(b, ged(d, lem(f, h))))
=(a, b).(c, d).(e, /) + (a, b).(c, d).(g h).

Similarly (a, b).((e, /)) + (gh)). (¢, d) = (a, b).(e, /).(c, ) * (a,
b).(g, h).(c, d) and ((e, /) * (1)) (a, b).(c, d) = (e, f)-(a, b).(c,
d) + (gh).(a, b).(c, d).

Additive inverse: For any (a, b) € Z x Z, there exist a unique
(- a, b) € Z x Z" such that

(a,b)+ (-a,b)+ (a,b)=(a+-a+a,lcm (b, b, b)) =(a, b),
(-a,b)+(a,b)+(-a,b)=(-a+a+-a,lcm (b, b, b)) =(-a,
b).

Moreover, the set A = {(a, b)) €Zx Z:a =0, b €Z'} is a full
PO-k-ternary ideal of Z x Z'. Since E'(Z x Z") = {0} x Z'CS
A, and for any (0, b) € A, (¢, d) € Z x Z" such that
(0, b) + (¢, d) = (c, lem(b, d)) €A, then ¢ = 0, and hence (c, d)
EA.

Theorem4.8: The intersection of two full PO-k-ternary ideals
of a PO-ternary semiring T is a full PO-k-ternary ideal of T.

Proof: Let A, B be two full PO-k-ternary ideals of T. Then by
theorem 3.5.7, A N B is a PO-ternary ideal of T which is full
as E(T) € A and E(T) € B. Now, let t€ T such that
a+t€ AN B for some a€ A N B,thena +t€ AN B, a€E A
and a + t€ A N B, a€ B, then t€ A, t€ B as A, B be PO-k-
ternary ideals. Therefore t€AN B.

Theorem4.9: Every PO-ki-ternary ideal of a PO-ternary
semiring T is an inversive PO-ternary subsemiring of T.

Proof: Obviously that every PO-ternary ideal of T is PO-
ternary subsemiring of T. Let a€ A, then a€ T. Therefore
there existana’ € T suchthata=a+ a'+a=a+(a'+a) €
A. But A is PO-k-ternary ideal and a€ A, so a + a' € A.

Again A is PO-k-ternary ideal and a€ A, so a’ € A. Therefore
A is an inverse PO-ternary subsemiring of T.

Definition4.10: Let A be a PO-ternary ideal of an additive
inversive PO-ternary semiring T. We define k-closure of A,

denoted by A by:
A = {a€T :a+ x€ A for some x€ A}.

Theoremd4.11: Let T be a PO-ternary semiring and A be a PO-
ternary ideal of T, then A is a PO-k-ternary ideal of T.
Moreover AS 4 and (A] S (A4].

Proof: Let a, bEZ, then a + x, b + y€ A for some x, y€ A.
Now(a+b)+(x+y)=(a+x)+(b+y) €A Butx+yeA

and hence a + b€ 4 .

Next s, t€ T, then sta + stx = st(a + x) € A. But stx€ A,
therefore sta€ A . Similarly sat and ast€ A. Hence A is a
ternary ideal of T. Now leta € A and 7€ T such that ¢ <a.a€
A =a + xE A for some x€ A. Since A is PO-ternary ideal of
T,sot<a=>t+x<a-+x. Sincea+ x€ A =t+x€ A:tez
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and hence A isa PO-ternary ideal of T. To show that A isa

PO-k-ternary ideal, let ¢, ¢ + d€ A , then there exist x and y in
Asuchthatc+x€E Aandc+d+yeE A. Nowd+ (c+x+y)=

(c+d+y)+x€ A=>c+d+yEA. Hence d€ A. Therefore A
is a PO-k-ternary ideal. Finally, since a + a€ A for all a€ A, it

follows thatA € A . By theorem 2.7, (A] S (Z ].

Lemmad4.12: Let T be a PO-ternary semiring and A be a PO-

ternary ideal of T. Then A = A if and only if A is a PO-k-
ternary ideal of T.

Proof: Suppose that A = A , then by theorem 4.11, A isa
PO-k-ideal o f T, and hence A is PO-k-ideal of T. Conversely,
suppose that A is a PO-k-ternary ideal of T. Again by theorem

411, A c A On the other hand, let a€ A then a + x€ A for
some x€ A. But A is a PO-k-ternary ideal of T and x€ A

implies that a€ A. There fore Ac A. Hence A= 4.

Lemmad4.13: Let T be a PO-ternary semiring and A, B be two
PO-ternary ideals of T such that A € B, then Ac B,

Proof : Let A, B be two PO-ternary ideals of T such that A €

B, let «a€ A , then a + x€ A for some
x€EA, but A € B and hence a + x€ B for some x€ B, therefore

aEE. Hence ZQB.

Lemmad4.14: Let T be a PO-ternary semiring and A be a PO-

ternary ideal of T. Then A s the smallest PO-k-ternary ideal
of T containing A.

Proof: Let B be a PO-k-ternary ideal of T such that A € B, let
x€ A Thenx+ a=b for some a,be A. Since AS BandBis
a PO-k-ternary ideal of T, then x€ B. There fore AcB.

Lemmad4.15: Let T be a PO-ternary semiring and A, B be two
full PO-k-ternary ideals of T, then A+ B s a full PO-k-ideal
of Tsuchthat AC A+ B andBc A+ B .

Proof : By theorem 2.9, A + B is a PO-ternary ideal of T. then
by theorem 4.11, A+ Bisa PO-k-ternary ideal of T and A + B

cA+ B, Now E'(T) € A and E(T) € B. so far any e€
E'(T), e + e = e. Therefore ET) € A+ B cA+ B This

implies that A+ Bis a full PO-k-ternary ideal of T. Finally,
let a€ A, thena=a+ @ +a=a+( @ +a) € A+Bas(d +

a) €E(T) € B. Hence AC A+ B, SimilarlyBc A+ B,

Conclusion

In this paper mainly we studied about po-k-ternary ideals and
full po-k-ternary ideals in PO-ternary semiring.
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