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complex sum of two left/right/two-sided ideals is the intersection of all left/right/two-sided ideals that
contain the two ideals. For an additively inversive hemiring and its two left/right/two-sided ideals with

Key words: identical intersections with the set of idempotent elements, the complex sum of the two ideals is the
Fuzzy ideals of additively inversive intersection of all left/right/two-sided ideals that contain the two ideals. The following theorems
semirings / hemirings. manifest the fuzzy analogous of the above results.

@{@) For any collection of left/right/two-sided fuzzy ideals of an additively inversive

semiring, their non-empty intersection is also a left/right/two-sided fuzzy ideal.

@ii”) For an additively inversive hemiring, the complex sum of two left/right/two-sided fuzzy ideals
is also a left/right/two-sided fuzzy ideal.

(iii”)  For an additively inversive hemiring containing absorbing zero ‘0’ and two fuzzy ideals
satisfying 0-1 condition, the complex sum of two left/right/two sided fuzzy ideals is the intersection of
all left/right/two sided fuzzy ideals that contain the two ideals.

(iv’)  For an additively inversive hemiring containing absorbing zero ‘0’ and two fuzzy ideals with
identical intersections with the set of idempotent elements, satisfying 0-1 condition, the complex sum of
two left/right/two sided fuzzy ideals is the intersection of all left/right/two-sided fuzzy ideals that
contain the two ideals.

It is worth mentioning that the fundamental concept of a fuzzy set, introduced by Zadeh in 1965, has
been applied by many authors to generalize some of the basic notions of algebra.

Copyright © 2014 Nazish Kanwal and Muhammad Zakaullah Khan. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

INTRODUCTION

In 1965, Lofti A. Zadeh (1965) introduced the notion of a fuzzy subset of a crisp set as a method for representing uncertainty.
Fuzzy set theory was mathematically formulated by the assumption that classical sets were not appropriate or natural in describing
the real life problems. Fuzzy set theory has greater richness in applications than the ordinary set theory. Thus far attention has
been drawn to generalize the basic concepts of classical algebra to fuzzy sets resulting in the development of the theory of fuzzy
algebra. The study starts with the fundamental concepts of a fuzzy set based on Zadeh’s classical paper Lofti A. Zadeh (1965)
which he introduced in 1965. This paper provides a natural framework for generalizing some of the basic notions of algebra. The
element of the theory of fuzzy groups was formulated by Kuroki (1979); Kuroki (1981). Liu (1982) and Liu (1983) investigated
fuzzy subrings and fuzzy ideals of a ring. The study of fuzzy modules was initiated by Pan (1987) and Golan (1989). This study
develops some results in the fuzzy settings about additively inversive semirings / hemirings which were proved for ordinary
additively inversive semirings / hemirings by Yusuf (1965). These results pertain to the intersection and sum of fuzzy ideals.
Section 1 introduces the basic terminology to be used in the next sections. Section 2 discusses results about the arbitrary
intersection and the complex sum of the fuzzy ideals of additively inversive semirings / hemirings. These are the generalizations
of some of the results of Yusuf (1965) in the ordinary settings. Section 3 proves several results about the relationship between the
complex sum and the intersection of fuzzy ideals of additively inversive semirings / hemirings. Finally, section 4 concludes the
study.
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§1 Preliminaries
Throughout this paper, 5 will denote a semiring and E "the setof all idempotents of the additively inversive hemirings.
Definition

An additively inversive semiring is one in which the additive semigroup is an inversive semigroup, that is, for each a £ 5, there
exists a unique element ge§ suchthatg+g +g=gandg +a+a =a.

Example:

Let 5 = {0, a. b}. The following tables define the two binary operations on an additively Inversive semiring 5.

Table 1
+ 0 a b
o o a b
a a o b
b b b b
Table 2
0 0 a b
o o o o
a o o o
b 0 0 b

Remark:
LaTorre (1962) proved that for an additively inversive semiring 5 and &, be¥
(ab) = ab=ab, ab=ab,
where o,k eS are the additive inverses of & and b, respectively.
Definition
A non-empty set A of an additively inversive semiring 5 is called a left (right) ideal if and only if

6)) a.hbeAd=2athbe A
(ii) oeA>oeA
(iii) acA, 5 e5=salas)c A,

Definition
A non-empty set A of an additively inversive semiring 5 is called a two-sided ideal if it is both a right as well as a left ideal of 5.
Definition

A subset 4 of an additively inversive semiring / hemiring is called a fuzzy ideal of an additively inversive semiring / hemiring, if
the following conditions hold for each a. & of an additively inversive semiring / hemiring:

(1) Ala —b) = min{ala), 16D}, where (& — b) is an element of an additively inversive semiring / hemiring such that
onthto=candbteth==5
(ii) A (ab) = max {1(a), 1(B)]}.

Definition
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The identity element ‘2 is called the absorbing zero of an additively inversive hemiring, if
at+e=et+a=aanda-e =e-a=¢ for all aes.
Definition

The sets of idempotent elements of the additively inversive hemiring & for each x € 5, are defined as

Efl ={veS:ix+x= x}
and
Ell ={pef:p-2=2gh

_ N _ - — . -
=@ EXIXTATE =X and a+xrta=a}

WVil=fbheS:x-b-x=xand b-x-b=0b}
Proposition

If S is a semiring with an absorbing zero and A, p are fuzzy ideals of S, then A+p is the smallest fuzzy ideal of Scontaining
both A and p, ( Remark 2.2, Ahsan et al., 2011).

Definition

Let § be an additively inversive hemiring Containing an absorbing zero "0 ‘and 1, u are fuzzy ideals of § satisfying (0} = 1
and @{0) =1,is the 0-1 condition.

§2 Arbitrary Intersection and Complex Sum of Fuzzy Ideals

Here in this section we give the results of the arbitrary intersection and the complex sum of fuzzy ideals of additively inversive
semirings / hemirings in ordinary setting, as described and proved in Yusuf (1965).

Table 3
+ a b c
0 a a a
a a b b
b a b c
Table 4
0 a b c
a b b b
b b b b
c b b b

Theorem

Let {4;} denote any collection of left [two-sided] ideals of an additively inversive semiring §. If the intersection of A; is non-
empty, then it is a left [two-sided] ideal of 5.

Theorem

Let 5 be an additively inversive hemiring. Then the complex sum 4, + A4; of two left [two-sided] ideals A; and A, is a left [two-
sided] ideal.
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Remark

We note that the complex sum A; + Ay of left ideals is contained in every left ideal that contains both A; and A; but A; + 4;
may not itself contain 4; and A, as is clear from the following tables:

Now the sets {a,b} and {b,c} are ideals of 5. The complex sum is ta, b} + (b, c} = {a, b}
and it does not contain the ideal {i, z}. The following theorems manifest the above results in fuzzy settings.

Theorem

Let {1;] denote any collection of left [two-sided] fuzzy ideals of an additively inversive semiring 5. If the intersection of i, is
non-empty, then it is a left [two-sided] fuzzy ideal of =.

Proof
We have

(l’ﬁl ‘lf) (x) = infi {1;(x)IvxeX,

For any x,yeX,
K f_:r.—}]— infie, LA (x =03

M fie L-:l (). 4; {'}-:]J-
min [ﬂfLEJ{,l (’r. 1}, infe, {2,001

(1) ()]

- LET L&l

I'll |\|'

|'||'

Again,

i

(r] .1[)(::;::] = infie 1 ()}

= max linf o, 400} infi e {A4: (0}
> m ](f ];{ )'Lr'j (ﬂa)m
&l E &l
Hence, intersection of { 4:} is a fuzzy ideal of 5. O
Theorem

Let § be an additively inversive hemiring. Then the complex sum 1 + g of two left [two-sided] fuzzy ideals Aand u is a left
[two-sided] fuzzy ideal.

Proof

For any x,y € 5,

we have

1+ wx) =sup  [min{ila),u(B)}: x=a+ b]

and
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A+ =sup  [minlale). uld)}:y =c+dl
min  {{1 +2)(x). (0 + )G}
= min[sup{min (10a), (B}, sup fmin L1 (2), u()1]]
= sup [min}min{ila), u(B)}}, minlmin{1(c), u (@]

(using the infinite meet distributive law). )
= sup Imiﬂ {?’)‘i‘.i’?‘l {Ala), Alc) }} min [m:'.ﬂ Tulb), uld) ]}]

= suplmin { min{i(a — c)}, min{u(b — d}}l,

(by Abou-Draeb, (2000)).

= sup[min{ila — e}, u(b — d21]

= (A4 + wiz), z=la4+b)-lc+d)=x-y
=@+l —yl

Also,

(A + wix) = suplminiila), u(b)} :x = a + 5]

= sup[min{ilay), ulhy1H

=< suplmin{i(u), ulv)} : xy = u+ v

=< (4 + Dlxy). - i)

Again,

A+ W) = suplmin{i(e), uld)} 1 y = ¢ + 4]

< suplmin{ilac), ulxd)Hl

< sup[min{dw), u(z)} : 2y = w + 2

= (4 + wlayl. w (1)

From (IJand (7], we have

2+ wWxy) = max{ld + 006G, + w5 3

Thus, 4 + u is an ideal of an additively inversive hemiring 5. O
§3 Relationship between the Intersection and Complex Sum of Fuzzy Ideals

In this section we fuzzify the results, proved in (Yusuf, 1965) about the relationship between the complex sum and the intersection
of fuzzy ideals of additively inversive semirings / hemirings.

Theorem

If an additively inversive hemiring § contains a zero element z, then the complex sum Ay + A5 of the left [two-sided] ideals
Ay and Az is the intersection of all left [two-sided] ideals that contain 4; and A .

Theorem

Let £ be an additively inversive hemiring. Let 4, and 4, be left [two-sided] ideals of §. Suppose that A, 1 E* = A, 1 E*. Then
the complex sum A; + Ay is the intersection of all left [two-sided] ideals that contain A; and A; .

The analogous results for right ideals also hold.

The following theorems manifest the above results in fuzzy settings.
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Theorem
If an additively inversive hemiring 5 contains an absorbing zero ‘0’ and 4. u are fuzzy ideals of S satisfying (0} = 1 and
wl0) =1, then the complex sum 1 + wof the left [two-sided] fuzzy ideals i and g is the intersection of all left [two-sided]
fuzzy ideals that contain dand u .
Proof: Since 5 contains an absorbing zero, foreacha ¢ S, a + 0 =a =0+ a, So,
Ala + 0} z min{ila), 2(0)} = (a),
and
pla +0) = min{ula), u(0)} = ulal.

Also,
Aa - 0) = max{ila), 2002} = Al =1,
and

pla - 0) = max{ula), p(01} = wl0) = 1.
We also note that,
{1+ wia) = sup [minfala), w(0l}:a =a+0]= ilad.
Thus, 1 +u = 1.
Similarly,
4+ wia) = sup [minfi(0). ulad}:a=0+a] = ulad.
Thus,
Atu=u
If { isaleft [two-sided] fuzzy ideal of 5 containing both A and g, then 4 +p = {.
From from second Theorem in §2, we have that 4 4+ u is a left [two-sided] fuzzy ideal and, since A + u is contained in every left
[two-sided] fuzzy ideal that contains A and p, It follows that A + u is the intersection of all left [two-sided] fuzzy ideals that
contain 4 and .
Corollary

Let i be the fuzzy ideal of an additively inversive hemiring Sand E* be the set of all idempotents of 5, then &1 E* is the
fuzzy ideal of 5.

Proof
By Golan (1992), E* is the ideal of 5.

To prove that A1 E* is a fuzzy ideal of 5, we must show that, E* is the fuzzy ideal of £.
Let & be the fuzzy subset of E™, we need to show that

Sle + ) = minf80x), 500 and Sley) = maxld(x), &0y 1,

Let v,y e E*, therefore x +x =x and y + v = »

Since E* is an ideal of an additively inversive hemiring &, therefore,

x+v+x=xand y+ax+vy=1w foreach x.y e E*,

Also, x +y =(x +y) + (x + y).

Now
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x+y+x = +x+y) =+
xt+yzxand x+y =y
=&(x+y) =280 and Slx+¥) = 50
Or, Sxp = &(x+9) and (v} = 6(x +y)

= min{§ (&), 60y} = 6(x +¥)
=§(x +y) =min [&(x), 501}, ..(JID

Also,

Xy = xvy + Xy = -"'-'t:._'}’ —+ _1)_'-]

= xy zxand xy = ¥

= §(xy) = 6(x) and §lxy) = &(y)

= §(xy) = max [ 8(x),6(y)}. (V)

W

Hence, (I} and {IV) show that, § is the fuzzy ideal of E™.
The intersection of two fuzzy ideals is again an ideal, therefore, i1l E* is the fuzzy ideal of 5. D

Theorem

Let 5 be an additively inversive hemiring having an absorbing zero. Let 4 and u be left [two-sided] fuzzy ideals of 5 satisfying
A(0) =1 and w(0) =1, Suppose that AM E* = u ME™, Then the complex sum A 4+ u is the intersection of all left [two-
sided] fuzzy ideals that contain 1 and u.

Proof

Since for each x* = 5. there exists & £ 3, such that

r=x+a+x
We also note that
Alx+a+xlzmniiln) Ala+ = 1)
and

plxt+tat+txl=mnlul) ula+ 3t = ulx)
Therefore, by Proposition of §1,

Atpzl and ditpuz=u.

If & is a left [two-sided] fuzzy ideal of & containing both 4 and g .then i1+ p =&,
from second Theorem in §2, we have that .L + u is a left [two-sided] fuzzy ideal and, since 4 + u is contained in every left [two-
sided] fuzzy ideal that contains 4 and u, it follows that A 4+ g is the intersection of all left [two-sided] fuzzy ideals that contain
A and p. o
§4 Conclusion

This paper gives the techniques of fuzzification of the theorems on ideals in ordinary settings which paves the way for fuzzifying
other algebraic structures.
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